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Abstract 

\ This paper extends to dimension 4 the results in the article "Second Order Families of 

Special Lagrangian 3- folds" by Robert Bryant. We consider the problem of classifying the 
special Lagrangian 4-folds in C 4 whose fundamental cubic at each point has a nontrivial 
stabilizer in 50(4). Points on special Lagrangian 4-folds where the S0(4)-stabilizer is 
nontrivial are the analogs of the umbilical points in the classical theory of surfaces. 
7-H ' In proving existence for the families of special Lagrangian 4-folds, we used the method 

of exterior differential systems in Cartan-Kahler theory. This method is guaranteed to 
tell us whether there are any families of special Lagrangian submanifolds with a certain 
symmetry, but does not give us an explicit description of the submanifolds. To derive 

■ an explicit description, we looked at foliations by submanifolds and at other geometric 
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1 Introduction 



The complex space C m is endowed with a Kahler form 

uj = - (dz\ A dz\ + dz2 A dzi + • • • + dz m A dz m ) 

and a volume form 

17 = dzi A dz2 A • • • A dz m , 

where (zi, Z2, ■ ■ ■ , z m ) are the coordinates on C m . A special Lagrangian submanifold in C m is 
an m-dimensional real submanifold on which the forms oj and Imfi restrict to 0. 

The study of special Lagrangian submanifolds started with Harvey and Lawson in their 
paper [12] on calibrated geometries. They constructed many interesting examples of SL 1 re- 
folds in C m and proved local existence theorems. Since then, many other examples have been 
constructed using a variety of techniques. To give some examples, Dominic Joyce used the 
method of ruled submanifolds, integrable systems and evolution of quadrics in [8], [9], [10] 
to construct explicit examples of special Lagrangian m-folds in C m , Mark Haskins exhibited 
examples of special Lagrangian cones in C 3 [4], Richard Schoen and Jon Wolfson used the 
variational approach for some of their constructions in Calabi-Yau manifolds in [15], etc. 

Special Lagrangian geometry received reinforced attention in 1996 when Strominger, Yau 
and Zaslow formulated what is today known as the SYZ conjecture [17]. This conjecture reveals 
the role of the special Lagrangian geometry in Mirror Symmetry, a mysterious relationship 
between pairs of Calabi-Yau 3-folds, coming from String Theory. In this larger context, a lot 
of research is going on nowadays to find examples of special Lagrangian submanifolds. This 
would help in understanding what kind of singularities a special Lagrangian submanifold in a 
Calabi-Yau can have, classifying them and maybe ultimately resolving the SYZ conjecture. 

While, from the String Theory point of view, the most interesting case to study is the 
special Lagrangian 3-folds of a Calabi-Yau 3-fold, higher dimensional cases are also important 
for the understanding of the general theory of SL submanifolds in Calabi-Yau m-folds. 

The idea in this research, initiated by Robert Bryant in his paper [1], is to classify families of 
SL submanifolds that are characterized by invariant, geometric conditions. When the ambient 
space is flat, the second fundamental form is the lowest order invariant of a SL submanifold, 
so we would like to study the second order families of SL m-folds in C m , that is the families 
of SL m-folds in C m whose second fundamental form satisfies a set of pointwise conditions. 

The second fundamental form of a special Lagrangian submanifold in C m has a natural 
interpretation as a harmonic cubic form on the submanifold, called the fundamental cubic. 
The stabilizer at a generic point of the fundamental cubic of a generic SL m-fold is trivial. For 
comparison, in the case of a hypersurface in M m+1 , the stabilizer of the second fundamental 
form in SO{m) is always nontrivial and is larger than the minimum possible stabilizer exactly 
at the umbilical points of the hypersurface. For this reason, the points on SL m-folds where 
the S'0(m)-stabilizer is nontrivial are the analogs of the umbilical points in the classical theory 
of surfaces. 

In his article [1], Robert Bryant considered the 'umbilical' case and completely classified the 
SL submanifolds of C 3 whose fundamental cubic has nontrivial S'0(3)-stabilizer at a generic 
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point. He found that the only SL 3- folds whose fundamental cubic has a nontrivial stabilizer 
at a generic point are the 3-planes, with stabilizer SO(3), the Harvey and Lawson examples, 
with stabilizer SO(2), the austere SL 3-folds, with stabilizer S3, the asymptotically conical SL 
3- folds, with stabilizer Z3 and the Lawlor-Harvey- Joyce examples, with stabilizer Z2. 

This present work extends these results to dimension m = 4, namely tries to classify the 
special Lagrangian 4-folds in C 4 whose fundamental cubic at a generic point has nontrivial 
SO (4)-stabilizer. 

The possible stabilizer of a harmonic cubic can be a continuous, meaning a positive di- 
mensional, or a discrete subgroup of SO (4). In chapter 3.2, we consider the case when the 
stabilizer is continuous. It turns out that there are four cases when there are nontrivial special 
Lagrangian 4-folds with continuous symmetry: (a) when the fundamental cubic has symme- 
try SO(3) we obtain the Harvey and Lawson examples which appeared also in dimension 3: 
L c = {(s + it)u|u G S 3 C M 4 , Im(s + it) 4 = c}, where c is any real constant; (b) when the 
symmetry is SO (2) x S3, we obtain special Lagrangian submanifolds as products of the form 
L = M? x S, where S C C 2 is a complex curve; (c) when the symmetry is SO(2), we obtain the 
SO (3)-invariant special Lagrangian 4-folds and (d) when the symmetry is an 0(2), we obtain 
a two parameter family of solutions which we have not been able to integrate completely yet. 

In chapter 3.3, we consider the case when the stabilizer of the fundamental cubic is a discrete 
subgroup of SO(4). In chapter 3.3.1., we classify the SL 4-folds with polyhedral symmetry. 
It turns out that the polyhedral subgroups of SO (4) that stabilize a harmonic cubic in 4 
variables are the tetrahedral subgroup T, the irreducibly acting octahedral subgroup + and 
the irreducibly acting icosahedral subgroup I + . We show that the special Lagrangian 4-folds 
whose stabilizer of its fundamental cubic is isomorphic to the tetrahedral subgroup are the 
Harvey-Lawson examples invariant under a torus action, the ones whose stabilizer at a generic 
point is isomorphic to + are the cones on flat 3-dimensional tori in the 7-sphere and that 
there are no nontrivial special Lagrangian 4-folds whose stabilizer of its fundamental cubic at 
a generic point is isomorphic to I + . 

Using the classification of the discrete subgroups of SO (4) from chapter 3.1., it remains to 
analyze the cases when the cubic stabilizer is a cyclic or a dihedral subgroup of SO (4). We 
show that the discrete stabilizer can only have elements of order less or equal to 6. Further, 
we show that if the stabilizer is discrete and contains an element of order 6, 5 or 4, then there 
are no special Lagrangian 4-folds in C 4 with a cyclic or dihedral symmetry. 

When the stabilizer contains an element of order 3, there are two inequivalent orbits in 
the space of fixed harmonic cubics that have to be considered. In the first case of discrete 
symmetry at least a Z3, the special Lagrangian 4-folds whose cubic stabilizer at a generic 
point is isomorphic to D3, the dihedral group in 3 elements, turn out to be asymptotically 
conical. The SL 4-folds with symmetry an order 18 normal subgroup of D3 x D3 turn out 
to be products of holomorphic curves. When the symmetry is exactly a Z3, we were able to 
show that there is an infinite parameter family of solutions that depends on 4 functions of 1 
variable, foliated by minimal Legendrian surfaces and by holomorphic curves, but could not 
finalize the analysis and describe this family completely. 

In the second case of discrete symmetry at least Z3, we found a large family of SL 4-folds 
defined by holomorphic differential equations, family that did not appear in dimension 3. 

The general case of discrete symmetry at least a Z2 is the most complicated case, since the 
general cubic has a large number of parameters, and was not considered in this work. 
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2 Special Lagrangian Geometry in Calabi-Yau manifolds 

2.1 Special Lagrangian Submanifolds 

We begin with the definition of a Calabi-Yau manifold. 

Definition 2.1 A Calabi-Yau m-fold (M,J,g) is a compact, complex m- dimensional manifold 
(M, J) with trivial canonical bundle Km and Ricci-flat Kdhler metric g. 

Because the canonical bundle Km is trivial, there is a nonzero holomorphic section f2 of Km- 
Since the metric g is Ricci-flat, $7 is a parallel tensor with respect to the Levi-Civita connection 
V 9 [6]. By rescaling Q, we can take it to be the holomorphic (m, 0)-form that satisfies: 

UJ m m(m-l) / j\ m 

^ = (-D^-( 5 ) "aa, <") 

where to is the Kahler form of g. The form Q is called the holomorphic volume form of the 
Calabi-Yau manifold M. 

The special Lagrangian submanifolds were introduced by Harvey and Lawson in their paper 
[12] using calibrations. They are defined in the general setting of a Calabi-Yau manifold and 
are a special class of minimal submanifolds. 

Definition 2.2 Let (M, J, g,£l) be a Calabi-Yau m-fold and L C M a real m-dimensional 
submanifold of M. Then L is called a special Lagrangian submanifold of M if uj \l= and 
im n \ L = 0. 

More generally, L is said to be a special Lagrangian submanifold with phase e %e if w |l= 
and Im(e*fi) \ L = 0. 

As an example, we can see that M m C C m is a special Lagrangian subspace. C m is endowed 
with the standard Calabi-Yau structure defined by 

go = dzi o dz\ H h dz m o dz m (2.2) 

lj = -^{dzi A dz\ -\ h dz m A dz m ) (2.3) 

Q = dzi A ■ ■ ■ A dz m (2.4) 

where go is the Kahler metric on C m , loq the Kahler form and the holomorphic volume 
form on C m . An m-dimensional submanifold L of M is called Lagrangian if u \l= 0. So, 
the special Lagrangian submanifolds of M are the Lagrangian submanifolds with the extra 
condition Imfi |l= 0, which is exactly the reason for their name. 

There are some important results on SL submanifolds which we will briefly recall here, 
a. Deformations. R. McLean [13] studied the moduli space of compact special Lagrangian 
deformations and showed that it has the following description. 
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Theorem 2.3 (McLean) Let (M, J, g, Q) be a Calabi- Yau m-fold and L C M a m- dimensional 
compact SL submanifold. Then the moduli space Ml of special Lagrangian deformations of L 
is a smooth manifold of dimension ^{L), the first Betti number. 

b. Local Existence. Harvey and Lawson [12] proved local existence only for SL-submanifolds 
in C m , but their result extends to show that if (M, J, g, fi) is a Calabi- Yau m-fold and N C M 
a real analytic submanifold of dimension m — 1 such that i* (u) = 0, then N lies in a unique 
irreducible SL submanifold L C M. Here % : N — > M is the inclusion map. 

This result shows that there are many special Lagrangian submanifolds locally. 

c. Minimizing Property. A closed special Lagrangian submanifold is volume-minimizing 
in its homology class and therefore it is a minimal submanifold. We remark that a minimal 
submanifold, i.e. a submanifold with constant mean curvature 0, is not necessarily volume- 
minimizing amongst homologous submanifolds. For example the equator of a 2-dimensional 
sphere is minimal, but does not minimize length amongst lines of latitude. 

2.2 Structure equations 

a. The Coframe Bundle 

Let (M, J, g, $7) be a Calabi- Yau m-fold and let C m = M? m have complex coordinates 
(zi, Z2, ■ ■ ■ , z m ) and complex structure /. The standard Calabi- Yau structure on C m is given 
by the relations (2.2), (2.3) and (2.4). Let vr: P -> M denote the bundle of C m -valued Calabi- 
Yau coframes, i.e. an element of P x = 7r _1 (a;) is a complex linear vector space isomorphism 
u: T X M — > C m that satisfies tu x = u*(lvq) and £l x = u*(Qo). Then n: P — > M is a principal 
right SU (m) -bundle over M and the right action is given by R a (u) = a 1 ° u for a G SU(m). 
P x is the fiber at x of the Calabi- Yau coframe bundle P. 

The canonical form £ is defined on the Calabi- Yau coframe bundle P by 

= u o (d?r) u : T U P -> C m for u G P 

where (dir) u : T U P — > T n r u \M is the differential of 7r at u. The 1-form £ is C m -valued and we 
denote its components by £j, i = 1 . . . m. Then, on the bundle P the following equations hold: 

7r*(w) = |(£iA£L + ---+£ m A£ m ) and 7r* (O) = (i A • • • A ( m (2.5) 

By regarding the forms on M embedded into the forms on P via the pullback, we can 
ignore ir* in the above equations. 

We define also the functions e^: P — > TM such that £i( e j) = ^j- So, if u G T U P then: 
(d7r) u (v) = ei(u)^i(v). Cartan's first structure equation: 

dti = -tl>ijAZj (2.6) 

defines (V'ij) = "0> the su(m)-valued 1-form on P called the connection form. In the flat case 
M = C m , Cartan's second structure equation satisfied by the connection form ip is: 

dip = —if) A ip (2.7) 
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b. Special Lagrangian Submanifolds in C m 

In this paper we are interested in special Lagrangian submanifolds of C m , therefore we are 
considering only the flat case from now on. When M = C m with the standard Calabi-Yau 
structure (C m , J, go, Qq), we denote the Calabi-Yau coframe bundle by x: P — > C m and regard 
the functions as vector- valued functions onP = C m x SU{m). Then the relations: 

dx = e^i (2.8) 
dd = ejipji (2.9) 

give the 1-forms {£i,ipij} which form a basis for the space of 1-forms on the frame bundle P. 

To study the SL submanifolds of C m , we separate the two structure equations (2.6) and 
(2.7) into real and imaginary parts. We set £j = u>i + irji and ipij = a ij + The first 

structure equation (2.6) becomes 

duJi = — A ujj + A rjj and drji = —flij A ujj — a^ A rjj (2.10) 

where we used Einstein's convention to sum over repeated indices. Since is skew-hermitian 
with trace 0, it follows that a = (aij) is skew-symmetric and (3 = (j3ij) is symmetric with 
vanishing trace. 

When split into its real and imaginary parts, the second structure equation (2.7) becomes: 

daij = -a ik A a k j + fok A (3 k j (2-11) 
d(3ij = -f3 ik A a kj - a ik A (3 k j (2-12) 

Let L C M be a special Lagrangian submanifold. We are going to consider the bundle Pl 
of L-adapted coframes over L. This is defined as follows. Let x £ L. A Calabi-Yau coframe at 
x, u: T X M -► C m is said to be L-adapted if u(T x L) =l m cC ra and it: T X L M m preserves 
orientation. The space of L-adapted coframes forms a principal right S'0(m)-subbundle Pl C 
7r _1 (L) C P over L. Now, because u takes a tangent plane to L in M into a real one, £ is 
M m -valued on Pl and so rji = holds on P^. By the structure equation (2.10), we get that: 

duJi = —a^ A ujj and fiij A Wj = on 

Since . . . , w m are linearly independent forms and j3ij A Uj = 0, Cartan's Lemma implies 
that @ij = hij k uj k where hij k = h ik j. Since (3ij is symmetric, hij k = hj ik also holds and so hij k 
are fully symmetric functions on the bundle Pl- 

c. The fundamental cubic 

Let L C M = C m be a SL submanifold and let v — > L be the normal bundle of L in M, such 
that TM \l= TL®u. The second fundamental form of L is a quadratic form with values in the 
normal bundle v and it can be interpreted as a traceless symmetric cubic form in the following 
way. The second fundamental form B of L in M can be written as B = Jej <8> hij k ujjuj k , where 
hijk are the fully symmetric functions determined by as described above. All the information 
of the second fundamental form is contained in the symmetric cubic form C = hijktOitOjiVk which 
is called the fundamental cubic of the special Lagrangian submanifold L. We note that this 
cubic is traceless with respect to the induced metric on L, g = oj\ + ■ ■ ■ + u^, since: 

tr g C = hukOJk = Pa = 0. 
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The following result tells us that the necessary and sufficient conditions for the existence of 
a special Lagrangian in C m with a given metric and a given fundamental cubic are the Gauss 
and Codazzi-type equations (2.11) and (2.12). 

Let (L,g) C C m be a simply connected Riemannian manifold of dimension m and C a 
symmetric cubic which is traceless with respect to g. Choose a g-orthonormal coframing 
ijj = (tUi) on an open neighborhood U C L and define r]i = 0. Now, let oiij = —ctji be the 
unique 1-forms on U s.t. du>i = —otij A ujj. Write the cubic as C = hijkUJ-iuijUJk and set 
Pij = Kjk^k ■ 

Theorem 2.4 (see [1]) Suppose that the forms fyj determined by C together with the forms 
ctij determined by (cjj) satisfy the Gauss and Codazzi equations (2.11), (2.12). Then there is 
an isometric immersion of (L, g) into C m as a special Lagrangian submanifold inducing C as 
its fundamental cubic. Moreover, this isometric immersion is unique up to rigid motions. 

3 Second Order Families 

3.1 Discrete subgroups of 5*0(4) 

As we have seen in section 2.2.c, the second fundamental form of a special Lagrangian sub- 
manifold L C C m can be regarded as a symmetric cubic form with vanishing trace with respect 
to the induced metric g. It is easy to see that the symmetric cubic is traceless if and only if it 
is a harmonic cubic. Therefore, the fundamental cubic of a special Lagrangian submanifold in 
C m belongs to the space ^(M 4 ) of harmonic cubics in 4 variables. This space is an irreducible 
SO (4)-module of dimension 16 and the action is given by 

(A • P)x = P(xA) (3.13) 

where 

A = (ciij) G SO(A), P(x)en 3 (R 4 ), x = (x 1 ,x 2 ,x 3 ,x 4 ) G M 4 

and 

(xA*)i — XjQ,ji 

is given by usual matrix multiplication. 

We want to study the families of special Lagrangian 4-folds in C 4 whose fundamental 
cubic at a generic point has nontrivial S'0(4)-stabilizer. The stabilizer G of a polynomial 
P{x) G n 3 (R A ) is defined as 

G = {A G 50(4)1 (A ■ P){x) = P(x), for any x G M 4 } 

The stabilizer can be either a positive dimensional subgroup of SO (4) or else a discrete 
subgroup of SO (4). In our analysis, we need to know which are the discrete subgroups of 
SO (4) that can stabilize a harmonic cubic in 4 variables. 

We start by listing the discrete subgroups of SO (4) not containing the central rotation — 14, 
since a subgroup of SO(4) that contains —I4 cannot stabilize any nontrivial cubic polynomial. 
For a complete proof of the classification of the discrete subgroups of SO (4) the reader might 
want to consult [11]. 
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In the study of the discrete subgroups of 50(4), we are going to use the quaternionic field 
H. Let E4 be the Euclidean 4-dimensional space and let {l,i,j,k} be an orthonormal basis. 
We define a multiplication of elements of E4 by the well-known rules: i 2 = j 2 = k 2 = — 1, ij = 
k, jk = i, ki = j. The elements of E4 form the non-commutative field of quaternions M. We 
will denote a quaternion by the ordered set (w,x,y,z) or by w + xi + yj + zk. For a quaternion 
q = w + xi + yj + zk we define the conjugate q = w — xi — yj — zk and the modulus of q as 
\q\ = (qq)2. If \q\ = 1, we call q a unit quaternion and U = {q € H | \q\ = 1} is a multiplicative 
group called the group of unit quaternions. 

For any q £ E4, we define the right multiplication map p q : E4 — > E4 by p 9 (x) = xg and the 
Ze/£ multiplication map X q : E4 — > E4 by A g (x) = c/x. If u G U, both p u and A M are seen to be 
in 50(4) and they are called the right rotation and the left rotation, respectively. The right 
rotations {p u : u £ U} form a group U+ and the left rotations {A M : u G U} form a group U- 
and both U + and J7_ are subgroups of 50(4), isomorphic to the unit quaternions group U. 
These are different subgroups of 50(4) and we notice that £7+ n U- = {±1}. 

Consider now the homomorphism [/x[/^ 50(4) with 

$(-Ul,M 2 )(x) = U\XU2 = X Ul p U2 (x). 

It is well-known that $ is surjective and its kernel is the 2-element group {(1,1), (— 1, — 1)} = 
Z2. So, U x £7/{(i,i),(-i,-i)} — 50(4) and to study the subgroups of 50(4) we would be 
interested in the subgroups of the unit quaternions group U. We also define the surjective 2:1 
homomorphism ^: U — ► 50(3) by *(u)(x) = nxn, whose kernel is {±1}. 

It is well-known [14] that the discrete subgroups of 50(3) are the cyclic groups, the dihedral 
groups and the pure symmetry groups of the platonic solids which are the tetrahedral, the 
octahedral and the icosahedral groups. The tetrahedral group T is the group of rotational 
symmetries of a tetrahedron, it has order 12 and it is isomorphic to A4, the group of even 
permutations of 4 elements. The octahedral group O is the group of rotational symmetries of 
an octahedral (or a cube) and it is a group of order 24, isomorphic to 54, the permutation group 
of 4 elements. The icosahedral group X is the group of rotational symmetries of a icosahedral 
(or a dodecahedral) and it has order 60, isomorphic to A§. 

Using the homomorphism ^, it is not hard to determine the discrete subgroups of the group 
of unit quaternions U. A complete description of how this is done can be found in [11]. 

Proposition 3.1 Every finite subgroup of the unit quaternionic group U is conjugate to one 
of the following groups: 

„ ( 2kTT , 2klT , 

C n = < cos h ksin , k = 0...n — 1 



n n 
D n = C 2n U iC 2n 

™ 2 /l 1. 1. 1, , r 
T= U - + -i + -j + -k D 2 

k=o \2 2 2 J 2 ' 

O = TU^(l + i)T 

v2 

4 /1 r. ; 



^0 27 + 2 i+ 2 j » T 



where r = 
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The binary polyhedral subgroups T, O and I are called, respectively, the binary tetrahedral, 
octahedral and icosahedral subgroups of U and are twice the order of the corresponding poly- 
hedral subgroup of 50(3). 

Now, to find the discrete subgroups of 50(4) we use the 2:1 homomorphism: 

$: U x U -> 50(4) 
<£(/, r)(x) = Ixf 

with Ker<£ = {(1, 1), (— 1, — 1)}. We denote by [l,r] = {(l,r), (—1, —r)}. Then we have an 
isomorphism (p: U x U/z 2 — 50(4) with <p([Z,r]) = {x — > Ixf}. 
If cr C 50(4) is a discrete subgroup, then 

L = {/ G — > Za?f G cr} and U={r£ J7|x — > Jar G cr} 

are subgroups of U. We notice that a C $(L x i?) but the equality might not hold since it 
might be possible to find a pair (l,r) £ L x R such that x — > Zxf a. We define the subgroups 

L' ={/ G L|x -4liB} = {l£ L\(l, 1) G cr} 
i?' ={ r G -► xf G cr} = {r G R\ (1, r) G a} 

and there is an isomorphism between the quotient groups Lj u and R/ r> given by ip(lL') = rR' 
such that (l,r) G cr. The subgroup <&(L' x i?') is normal in a and cr / qil'xR') — L/l< and R/r>. 
The subgroup cr depends on the isomorphism ip between the quotient groups Lj y and R/w, 
different isomorphism possibly yielding non-conjugate subgroups in 50(4). We will denote the 
group a by {Lj 'l>;R/ 

For example, C m is a normal subgroup of C mr and the quotient group C mr /c m — Z r . 
The elements of C mr /c m are the cosets p*C m ,i = 0..r — 1, where p = cos ^ + ksin^r 
is a generator of C mr . If q = cos ^ + ksin^ is a generator of C nr , we have the isomor- 
phism tp s : C mr / Cra -»■ C nr / Cn defined by ^ s (p l C m ) = q sl C n , i = 0..r - 1. For each s 
such that (s, r) = 1 and s < ^r, we get an isomorphism if) s that gives distinct subgroups 
(C mr /c m ; C nr /c n )^ s - The subgroups of 50(4) of this form that do not contain the cen- 
tral rotation are seen to be (C2 mr /c m ; C2nr/c„)i/> ij > of order mnr with m and n odd. Also, 
extending the isomorphism between C2mr/c m and C2nr/c n to one between D mr /C m = 
(C 2mr 0iC 2mr )/C m and D nr /C n = (C 2n reiC 2nr )/C n by V s (ip J C m ) = iq SJ 'C n , j = 0...r-l, 
we obtain the subgroup (D mr /C m ; D nr /C n )^ s of order 2mnr, where m and n are odd. 

Another subgroup of 50(4), of order 12, that does not contain the central rotation is 

T = (T/Ci; T/Ci) = (T; T) = {[t, t] \ t G T} 

In the case case when L = R = O and L' = R' = Ci, we obtain two non-conjugate groups, 
depending on the automorphism of O considered. If we take ip: O — > O to be the identical 
automorphism we obtain the subgroup O = (O; O) = {[o, o], o G O} of order 24. If we consider 
the automorphism i/):O = T0(l + 71 i ) T ° witn VK ) = o, if o G T and V>(°) = -o, if 
o G ^=(l+i)T, we obtain a different subgroup 0+ = {[o,o],o G T and [o,-o],o G ^=(l+i)T}, 
of order 24. 

In the case when L = R = I and L' = R! = Ci, we obtain again two non-conjugate 
subgroups of 50(4) which do not contain the central rotation. If we take ip: I — > I to be the 



9 



identical automorphism, we obtain the subgroup I = (I; I) = {[I, I], I G I}, of order 60. But we 
notice that all the elements of I are in the field of rational numbers over s/E and the change 
of sign of y/E interchanges ±r with ^t -1 . If p G I is a quaternion we denote by p + its image 

under this automorphism. Then I is interchanged with a group I + = (§ + 57 i + ^j) fe T and 

the two groups have in common T. If we now consider the isomorphism ip : I + ^ I, ?/>(p + ) = p 
then we obtain a different subgroup I + = {[r + ,r],r G I}, of order 60. This group leaves no 
axis fixed and it can be shown to be the rotational symmetry group of a regular simplex in E4, 
with vertices at 1 and |(— 1 ± \/5i ± \/5j ± \/5k). 
To conclude, we have the following: 

Proposition 3.2 TTie discrete subgroups of SO(4) that do not contain the central symmetry 
—I4 are the following: 

1- (C 2m r/c m ; C 2n r/c n )y, s , of order mnr , where m, n odd; 

2- (D mr /C m ; D nr /C n )^, s , of order 2mnr , where m, n odd; 

3. T= (T/Ci;T/Ci) = {[t, t] \ t G T}, of order 12; 

4. 0= (0/Ci;0/Ci) = {[0,0] I o G O}, o/orc/er 24; 

5. 0+ = (0/Ci;0/Ci) = {[0,0] I o e T and [o,-o],o£ -L(i + i)T}, of order 24; 

v2 

6. I = (I/Ci;I/Ci) = {[1,1] I Z € I}, of order 60; 

7. 1+ = (I+/Ci;I|Ci) = {[r + ,r] | r € I}, 0/ order 60. 

For complete proof of this proposition, the reader should consult [11] and [3]. 
3.2 Continuous symmetry 

Any maximal torus in 50(4) is conjugate to the group: 

{{ e 7 J*)' *i.fce[0,27r)} 

We are looking to determine the orbits of the action (3.13) that have non-trivial stabilizer 
under the action of 50(4). In what follows, a positive dimensional stabilizer will be called a 
continuous stabilizer. The special Lagrangian 4-folds whose fundamental cubic at each point 
has a continuous stabilizer will be said to have continuous symmetry. If the stabilizer is a finite 
subgroup of 50(4), we will say that the special Lagrangian 4-fold has discrete symmetry. 

First, we are going to classify the harmonic cubic polynomials in 4 variables {x±, X2, £3, #4} 
whose stabilizer is a continuous subgroup of 50(4). 

Proposition 3.3 The SO (4) -stabilizer of h G ^(M 4 ) is a continuous subgroup of 50(4) if 
and only if h lies on the SO (A) -orbit of exactly one of the following polynomials: 

LOG n 3 (R 4 ), whose stabilizer isSO(A); 

2. rx\{x\ — x\ — x\ — x|) for some r > 0, whose stabilizer is the subgroup 50(3), consisting 
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of rotations in the 3-space (x2, £3, X4); 

3. r[(x\ — x|)x3 + 2x1X2X4], /or some r > 0, whose stabilizer is the subgroup 0(2) generated 

by rotations by an arbitrary angle in the {x\,xz)-plane and twice that angle in the 

/1 

(x 3, x 4) -plane and the element ( q ^j 1 ? 



.0 0-1. 

4. r(xf — 3x1X2) /or some r > 0, whose stabilizer is the subgroup SO (2) X S3, where S3 is the 

symmetric group on 3 elements generated by the rotation by an angle of ^- in the (x\,X2)- 

/1 o\ 

p/ane and £/ie element I |j V - 1 )' anc ^ '50(2) is the group of rotations in the (X3, x^)-plane; 

Vo 01/ 

5. r(xf — 3x1X2) + 2>vx\ (x\ + x\ — 2x\ — 2x|) for some v > satisfying r ^ 3v whose stabilizer, 

/ 1 

is i/ie 0(2)-subgroup generated by rotations in the (x3,X4) -plane and the element I V 1 

Vo 0-1 

6. r(xf — 3x1X2) + s(3xf X2 — xf) + 3vx\ {x\ + x\ — 2x\ — 2x|) for some s > and v > whose 
stabilizer is the SO (2) -subgroup generated by rotations in the (X3, x^)-plane. 

Remark (special values). The case r = 3v of case 5 above reduces to case 2, when the stabilizer 
is £0(3). 

Proof: Suppose h G W 3 (IR 4 ) has a nontrivial stabilizer G C £0(4). If G = £0(4), then /i = 
since W3(1R 4 ) is an irreducible representation of SO(4). We suppose from now on that h ^ 0. 
Being a stabilizer, G is a closed subgroup of £0(4), therefore it is compact and has a finite 
number of components. 

We suppose G is not discrete. Then, its identity component H is a closed connected 
subgroup of £0(4). The algebra I) of H is a subalgebra of so(4). Using the 2:1 homomorphism 

£/ x U — > £0(4), U2)(x) = U1XU2 from section 3.1., it is easy to see that so (4) = 

so(3) + ©so(3)_, where so(3) + and so(3)_ are two different copies of so(3) with intersection 
the vector. Since dimso(4) = 6, there are the following possibilities for the subalgebra I): 

1) dim f) = 5. This is not possible for the following reason: f) n so (3)+ C so (3)+ is a 
subalgebra of dimension at least 2 and so(3)+ has no subalgebras of dimension 2. Therefore, 
f) nso(3) + = so(3) + which implies that f) D so(3) + . Similarly, it can be shown that f) D so(3)_ 
and it follows from here that f) = so (4), which gives a contradiction. 

2) dim f) = 4. Then fj + = rj (~l so(3) + is an ideal of dimension at least 1 in so(3) + and 
f)_ = f) PI so(3)_ is an ideal of dimension at least 1 in so(3)_. Consider the projections 
tt± : f) —> so(3)±. Since Ker ir± = l) T , it follows that Ker ir± can have dimension 1 or 3. If 
Ker 7r_ has dimension 1, 7r_ is onto and Ker 7r + has dimension 3. In this case, it follows 
that f) + = so(2) + and we obtain that rj = so(2) + © so(3)_. If the dimension of Ker 7r_ is 3, 
then the dimension of Ker ir + is 1 and we obtain f) = so(3) + © so(2)_. But so(3)± acts like 
the group SU(2) on the space of complexified harmonic cubics in four variables {z\, Z2, zi, Z2}, 
where z\ = xi + 1x2, Z2 = X3 + ix4 and calculations show that this action does not preserve any 
nontrivial element. Therefore, in this case H does not preserve any nontrivial harmonic cubic. 

3) dim I) = 3. In this case, one can show that, up to conjugacy, the only possibilities for f) 
are so(3) + , so(3)_ and diag(so(3) + ffiso(3)_). But, as discussed in 2) above, so(3)± does not 
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preserve any cubic polynomial in 4 variables and consequently we can discard these cases. 
We study now the case 

t) = diag(so(3)+ so(3)_) = {x + + x_, x+ G so(3) + , G so(3)_} 

We can see that, up to conjugacy, 



diag(so(3) + ffiso(3)_) 










2c 
\0 -2b 



Therefore, G can be either one of the groups: G 
fdet(A) 





-2c 


2a 

1 

A 



\ 

2b 

-2a 
/ 



, a, b, c G 



G 



A G 50 ( 3)j or 

, A G 0(3) }>. We can easily see that the cubic polynomials fixed by the 



A / 

identity component H are linear combinations of x\ and x\(x2 + x% + x'fy . It is obvious that the 
only combination that would make the polynomial harmonic is P = rx\(x\ ), for 

some r^O. One can verify that the full stabilizer of P is 50(3). By a rotation that reverses 
the xi-axis, if necessary, we can assume that r > 0. 

4) dim f) = 2. In this case, f) = so(2) + © so(2)_ and H is conjugate to the maximal 

[ fe Wl \ 1 
torus H = < I i02 J , 0i,02 G [0, 27r) >. It is easy to see that does not stabilize any 

symmetric cubic in 4 variables. 

5) dim f) = 1. In this case, one can show that the only 1-dimensional ideals in so (4) are 
conjugate to: 

t) P ,q = {(px, Qx)\ x G 50(2), p, q G Z, (p, 9 ) = 1} 

/12(p0) 



It follows that the identity component H Ptq 



G 



consists of rotations 





of angle p9 in the (xi, X2)-plane and of angle q9 in the (x 3 , X4)-plane. We are looking for 
harmonic cubics in {x\, X2, x 3 , X4} preserved by H p>q , for some p and q integers. 

Let V n be the irreducible representation of 50(2) given by rotations of speed n: e l9 .z = 
e nz9 z, where z G C. In our case, the speed p representation V p is given by the action on the 
(xi, X2)-plane: e %e .z\ = e ipe z\ and V q is given by the action on the (X3, X4)-plane: e* 6 \z2 = 
e iq Z2, where z\ = x\ + 1x2 and Z2 = x 3 + 1x4. 

Under the action of H Pjq , the space of symmetric polynomials in 4 variables 5 3 (M 4 ) decom- 
poses as: 

S 3 (V P © V q ) = S 3 (V P ) © (S 2 (V P ) ®S\V q )) © (S\V P ) ®S\V q )) (BS 3 (V q ). 



But one can see that S 3 (V P ) = 



VspQVp. A basis in V% p is {Re zf, Im } = {x\ — 3xix|, 3x^X2 — 



x 3 ,} and a basis in V p is {Ke{z-iZ\z{) , \m(z\ Z\Z\)} = {(xf + x|)xi,(xf + x^^}. Similarly, 
5 2 (y p ) = V 2 p © F = F 2p © M and we calculate that: 

5 3 (M 4 ) =(F 3p © Vp) © ((V2p © M) © v q ) © (y p © (v 2? © R)) © (V^ © K?) 



3p 1 



2p+g 



2p-g fcb Vp_|_2g 



V, 



p-2q 



V 3q © V 9 
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where we used that V n © V m = V n+m © V n - m . This decomposition is irreducible and the action 
has a fixed vector if and only if one of the Vs in the above direct sum is Vo, the 1-dimensional 
representation on which the action is trivial. This implies one of the following possibilities for 
the values of p and q: 

p = 0, q = 0, p-2q = 0, q-2p = 0, p + 2q = or 2p + q = 

We note that p and q have symmetric roles since the planes (xi,X2) and (xz,x±) can be 
interchanged by an orthogonal transformation. Therefore, up to conjugation with an element 
in 50(4), the only possible cases are: p = 0, q = 2p and q = —2p. In the case q = 2p, 
the fact that (p, q) = 1 implies that p = 1 and q = 2 and in the case q = —2p, we can take 
p = 1, q = —2. The conclusion is that, unless one of these conditions is satisfied, the group H p%q 
does not preserve any cubic symmetric polynomial in four variables. But since the stabilizer in 
50(4) coincides with the stabilizer in 0(4), then up to conjugacy in 0(4), the last two cases 
are the same. We will study each of these cases separately. 

f (e ie \ 1 

a) p = 1 and q = 2. Then H\ t 2 = ] ( q e 2«e J > ^ e [0> ^) r ■ If -P is a complexified 

polynomial in the variables {z±, Z2, z±,Z2}, fixed by i?i,2j it is easy to see that P should lie in 
V2 <8> Vi, therefore P = az\z,2 + bz 2 Z2, a, b G C. Now, P is a real harmonic polynomial if b = a. 
So, any real harmonic cubic C preserved by this group is of the form: 

C = Re(azjz2) = r[(x\ - xl)x 3 + 2xix 2 x 4 ] + s[2xix 2 x 3 - (x\ - x%)x/^, 

with r,s £ R. If r 2 + s 2 7^ 0, by applying a rotation of angle arctan(^) in the (x3,X4)- 
plane, we can assume that s = 0. We can also assume that r > 0. The conclusion is that 
all the harmonic cubics in 4 variables stabilized by H\ 2 are on the 50(4)-orbit of the cubic 
h = r[{x\ — x|)x3 + 2x1x2^4]. The full stabilizer of h can be shown to be the disconnected 

(1 \ 
~o 1 • ^ ^ s isomorphic to 0(2), 
-1 J 

because 0(2) is the only non-abelian 2-component compact group of dimension one. 

b) If p = 0, we can consider q = 1. In this case, the identity component of G is 



ffo 1 = I ( n 2 is ) , G E > = 5 1 . A complexified cubic polynomial C, fixed by this group, 



h 

e l \ 

should belong to Vo <8> V±, therefore it should be a linear combination of 21^2^2, z\ and z\z\. 
Calculations show C is harmonic if and only if it is a linear combination of the harmonic 
polynomials {zf, z\z\ — 2z\Z2Z2\- Therefore, the fixed real harmonic cubic polynomials C in 4 
variables are of the form 

C = r(xf — 3x1X2) + s(3xfx2 — x%) + vx\(x\ + x\ — 2x\ — 2x\) + ux2{x\ + x\ — 2x\ — 2x1), 

with r, s,u,v G E. By making a rotation in the (x±, x 2 )-plane, we can suppose that u = 0. 
It remains now to determine the full stabilizer of the polynomial 

r(x\ — 3xix|) + s(3x 2 X2 — x%) + vx\(x\ + x\ — 2x\ — 2x\), 

which we denote by G. 
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If s ^ and « / 0, calculations show that the full stabilizer of h is just the identity 
component, so G = SO(2). By making some rotations, if necessary, we may assume that 
s, v > 0. 

If s = 0, v ^ 0, and r / 3t>, then h = r(xf — 3x1X2) + wxi(xf + — 2x§ — 2x\) and the full 
stabilizer is isomorphic to an 0(2)-subgroup, because we are also allowed to flip the signs of 
X2 and X4. In this case we can suppose that v > 0. In the case s = and r = 3v, h becomes 
I) and we saw that this polynomial has stabilizer 50(3). 

Finally, if s = v = and r > 0, the polynomial h = r{x\—3xix^) is preserved by the identity 
component 5 1 , but we can see that it is also fixed by the element of order 3, A = ( e ~|^ f ) and 

(1 o\ 
V -1 an d both A and g do not belong to the identity 
00 01/ 

component. The rotation A and the reflection g form a group isomorphic to S3, the symmetric 
group in 3 elements. S3 acts on the identity component S* 1 by conjugation and it is easy to 
compute that the action of A on S 1 is trivial, while q acts by flipping the circle S 1 , namely 



x e»J V° e 

one can verify that G = S l k S3. This completes the proof of Prop 3.3. □ 

In the next step, we are going to analyze each of the cases given by Prop 3.3 and classify 
the SL 4- folds in C 4 whose fundamental cubic form has a continuous symmetry at each point. 

3.2.1 SO(3)-symmetry 

Example 1. In their paper [12], Harvey and Lawson found the following special Lagrangian 
submanifolds of C 4 , invariant under the diagonal action of 50(4) on C 4 = M 4 xl 4 : 

L c = {(s + it)u\ ueS 3 C M 4 , Im(s + itf = c}, (3.14) 

where c 6 R is a constant. The variety Lq is an union of four special Lagrangian 4-planes and 
when c 7^ 0, each component of L c is diffeomorphic to R x S* 3 and it is asymptotic to one pair 
of 4-planes in Lq. 

Theorem 3.4 If L C C 4 is a connected nontrivial special Lagrangian submanifold whose cubic 
fundamental form has an SO (3) -symmetry at each point, then L is, up to rigid motion, an 
open subset of one of the Harvey- Lawson examples. 

Proof: In the above hypotheses, a trivial special Lagrangian submanifold is a special La- 
grangian 4-plane. We can see that the fundamental cubic C of L lies on the orbit of the 
cubic if and only L is trivial. Therefore, assume the fundamental cubic is not identically van- 
ishing. The locus where C vanishes is a proper real-analytic subset of L, so its complement L* 
is open and dense in L. By replacing L by its component L* , we can assume without loss of 
generality that C is nowhere vanishing on L. Since the stabilizer of C x is 50(3) for all x G L, 
Proposition 3.3 implies the existence of a positive real-analytic function r: L — > R + with the 
property that the equation 

C = 3ruj\{uj\ — — oj\) 



14 



defines an SO (3)-subbundle F of the bundle Pl of L-adapted coframes. On the subbundle F, 
the following identities hold: 



(3.15) 



Because F is an S'0(3)-bundle, the forms 021, 031 and 041 vanish mod U2, w 3 , W4}, meaning 
that there are functions Uj on F such that: 



Mi 


012 


013 


0u\ 




( 3r^i 


-roj 2 


-ru3 


-ruA 


#21 


(322 


023 


02A 




-roj 2 


—ruo\ 








031 


032 


033 


034 




-ru3 





— ruj\ 





\041 


042 


043 


0u) 




\-ru4 











&21 = ^21^1 + ^22^2 + ^23^3 + ^24^4 
"31 = ^31^1 + ^32^2 + %^3 + ^34^4 
Ct<4i = t^iLUi + t42^2 + ^43^3 + ^44^4 

Also, there exist functions r,, i = 1, 2, 3, 4 on F such that: 

4 



(3.16) 



dr = y^rjUJj. 



i=i 



Substituting the relations (3.15), (3.16) and (3.17) into the identities 

d0ij = -0ik A a kj - a ik A k j 



(3.17) 



(3.18) 



and using the identities duJi = —a.^ Au>j, one gets polynomial relations among rj, which can 
be solved, leading to relations of the form: 

a.2i = tu>2, «3i = tuj3, «4i = tuj/±, dr = —hrtuj\ (3.19) 

where we denoted £22 = £33 = ^44 by t. 

Differentiating the last equation in (3.19), we get = d(dr) = —5rd(t) A lui, implying that 
there exits a function u on F such that 



dt = uuj\. 

Substituting the relations (3.19) and (3.20) into the identities 



da. 



-aik A a kj + ik A kj 



(3.20) 



(3.21) 



and expanding out using the identities du>i = —onj A Uj implies the relations: 



u = 4r 2 - t 2 



da 32 = «43 A a 42 + (t 2 + r 2 )w 3 A oj 2 
da 42 = 043 A a 32 + {t 2 + r 2 )uj4 A uj 2 
da 43 = 0:42 A q 32 + (t 2 + r 2 )w 4 A UJ3 



Differentiating the last equations yields only identities. 
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So, F — > L is a 50(3)-bundle on which the 1-forms {^1,^2,^3,^4,032,042,043} form a 
basis and they satisfy the structure equations: 

du)\ = 

di02 = t0J\ A U>2 ~\~ 032 AW3 + «42 A CJ4 
gL>3 = tdJi A LJ3 — 032 A U>2 + «43 A CJ4 
cL>4 = toJi A CJ4 — 042 AW2 - «43 A LJ3 

da 32 = «43 A a 4 2 + (t 2 + r 2 )oj 3 A oj 2 (3.22) 

d«42 = — 043 A CK32 + (t 2 + r 2 )w4 A CJ2 

da43 = a 42 A a 32 + (i 2 + r 2 )cj 4 A oj 3 
dr = —hrtuji 
dt = (4r 2 - t 2 )u;i 

and the exterior derivatives of these equations are identities. 
The last two equations in (3.22) imply that 

dr dt 



—5rt 4r 2 — t 2 



This yields d(rs + t 2 r b) = and since L and F are connected, there exists a function 9 on 
L with \6\ < | such that: 

4 4 

rs = cs cos 40 

_ 1 4 

r 5t = cs sin 40 

From these last two equations and from last equation in (3.22), it follows that 

dd 

^1 = 5 

c(cos AO) 4 

Now, setting rji = c(cos A6) l / 4 uJi for i = 2,3 and 4 yields: 

dr/2 = -a 2 3 A 773 - a 2 4 A r/ 4 
= -a 32 a 772 - a 34 A t? 4 
CZ774 = -a 42 A 7/2 — «43 A 773 

^«32 = — «34 A 042 + 7/3 A 7?2 
d«42 = — «43 A CI32 + 7/4 A 772 

<ia 43 = -a 42 A a 2 3 + t/ 4 A 773 

The above equations represent the structure equations of the metric of constant curvature 1 
on the 3-sphere S 3 . 

Conversely, if da 2 is the metric of constant curvature 1 on 5 3 , then, on the product L = 
(— f , f ) x S 3 , consider the quadratic form 

_ dd 2 + cos 2 Wda 2 
9 ~ c 2 (cos 40) 5 /2 
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and the cubic form 



C = 3 



cos 2 Wda 2 de - d6 3 



c 2 (cos 



40)5/2 



The pair (g, C) satisfies the Gauss and Codazzi equations and by Theorem 2.4 this implies 
that (L, g) can be isometrically immersed as a special Lagrangian 4-fold in C 4 inducing C as its 
fundamental cubic. For each value of c, there exists a unique corresponding special Lagrangian 
4-fold. Since the structure equations (3.22) have an «SO(4)-symmetry and Harvey and Lawson 
[12] found that all the special Lagrangian 4- folds in C 4 , invariant under the diagonal action of 
SO(4), can be written explicitly as (3.14), the conclusion of the theorem follows. □ 

3.2.2 0(2)-symmetry 

According to Prop. 3. 3, there are two cases of 0(2)-symmetry. The first one gives the following: 

Theorem 3.5 There is no connected nontrivial special Lagrangian A- fold in C 4 whose cubic 

fundamental form has an O (2) -symmetry at each point, where 0(2) is the subgroup S 1 U goS 1 

( / je n \ ' i / i o o o 

withS^^ e2 V),#eKj andg = (j ^ i ^ 

Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Proposition 3.3 implies that there exists a function r: L — > W + 
for which the equation 

C = 3r[(w 2 — w|)<^3 + 2W1W2W4] 

defines an 0(2)-subbundle F C Pl of the L-adapted coframe bundle Pl — ► L. On the subbun- 
dle F, the following identities hold: 



{011 012 013 0u\ 

021 022 023 024 

031 032 033 034 

\041 042 043 044 J 



/ reus ruJi ruj\ ruj2\ 

ruJi —raj?, —ruj2 ruj\ 

rui —ruj2 

\ruJ2 tuj\ / 



(3.23) 



Since F is an 0(2)-bundle, the following relations hold: 031 = Q41 = 032 = 042 = 043 — 
2q2i = mod {loi, 0J2, W3, meaning that there exist functions Uj on F such that: 



"42 = tll^l + ^12^2 + ^13^3 + ^14^4 
a 32 = ^21^1 + ^22^2 + ^23^3 + ^24^4 
«31 = *31^1 + ^32^2 + ^33^3 + ^34^4 
Q!41 = t^iLOi + £42^2 + ^43^3 + ^44^4 
a 43 - 2q 2 1 = h\U\ + *52^2 + *53<^3 + *54^4 

Moreover, there exist functions rj on F, i = 1, 2, 3 and 4 such that 

4 



dr = yVjav 



(3.24) 



(3.25) 



i=i 
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Substituting the relations (3.23), (3.24) and (3.25) into the identities 

dfiij = -fiik A a kj - a ik A k j (3.26) 

and using the identities dwi = — Aloj, one gets polynomial relations among rj, which can 
be solved, leading to relations of the form: 

a 3i = 0141 = 032 = «42 = 043 — 2«2i =0, dr = (3.27) 

Substituting (3.23) and (3.27) into the identities da^ = —out A a k j + flik A Pkj yields r = 0, 
contrary to the hypothesis. □ 

The second case of symmetry 0(2) yields the following partial result: 

Proposition 3.6 There is a 2-parameter family of connected special Lagrangian A-folds with 
the property that the fundamental cubic at each point is isomorphic to 0(2), where 0(2) is the 



subgroup S 1 U go S 1 with S 1 = | , 6 G 













\ 


| and g = 


( h 


-1 




1 


l) 




Vo 











Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Proposition 3.3 implies that there exist functions r,v: L — > M., 
v > 0,r 7^ 3v and an 0(2)-subbundle F C Pl over L on which the following identity holds: 

C = r{u\ - 3wiw|) + 3vui(ujI + u? 2 - 2uj\ - 2u\). (3.28) 

Since F is an 0(2)-bundle, the following relations hold: 021 = 031 = 0^42 = 032 = 042 = 
mod {lo±, LO2, LO3, UJ4} and doing the differential analysis as in the previous cases we obtain the 
following structure equations on the subbundle F: 

duj\ = (r — 3-u)t2^i A LU2 
du>2 = (r — v)t\U\ A UJ2 

diUs = 2vt±UJi A LJ3 + 2vt2UJ2 AW3 + «43 A UJ4 

duj/± = 2vt\UJ\ A + 2vt2UJ2 AW4 - 043 A (3.29) 
d(a 43 ) = 4^ 2 (tf + t| + l)w 4 A u; 3 

cZr = — ti(3r 2 — ru + 6w 2 )^i + i2(r — 3v)(3r — 2t>)oj2 
(if = — t\v(7v + r)ct>i + t2v(r — 3v)oj2 
d(h) = [r(t\ + 1\ + 1) + w (5i 2 - 3*1 + 5)]wi 
d(t 2 ) = 8v*it 2 wi + (v - r)(t 2 + t| + 1)^2 

for some functions ii,<2. Differentiating these equations yields only identities and the solution 
depends on 2 parameters ii,i 2 . 

We were not able to integrate completely the structure equations and find the family of 
special Lagrangian 4-folds that are solutions to these equations. The only thing we could 
observe is that the generic solution has rank 2, since the following relations hold between the 
parameters r,v,t\ and t^. 

d ((tl + tl + l)vHr-3 V )\ = ^ d ((4(r-3 V ) + (r- V )(tl + l)) V l 



(r — v) 5 / V (r — v) 5 
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Remark: In principle, the structure equations can be integrated using the reduction process 
for special Lagrangian submanifolds with symmetries, by solving the ODE associated to it, as 
in [7]. The solution would be in terms of the Jacobi elliptic functions. As for now, we do not 
have an explicit integral yet. 

3.2.3 50(2) x S^-symmetry 

Theorem 3.7 Suppose that L C C 4 is a connected special Lagrangian 4-fold with the property 
that its fundamental cubic at each point has an SO (2) x S^-symmetry. Then L is congruent 
to a product ExI 2 , where £ C C 2 is a holomorphic curve. 

Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Proposition 3.3 implies that there exists a function r: L — > R + 
for which the equation 

C = r{to\ - 2>loiJI) 

defines an 50(2) x SVsubbundle F C Pl of the L-adapted coframe bundle Pl — > L, subbundle 
on which the 1-forms uj\ , &2 > ^3 > ^4 and 043 form a basis. Similar calculations as in previous 
cases show that the structure equations on F are: 

dw\ = t±uji A UJ2, du)2 = t<iOJ\ A L02, dw^ = 043 A duj^ = —043 A LO3 

da43 = 

dr = — 3rt2<^i + 3rt\oj2 (3.30) 
dti = -u 2 u>i + (t\ + tl — 2r 2 + u\)u)2 

dt 2 = UlUl + U 2 U)2 

for some functions u\,U2- Differentiation of these equations does not lead to new relations 
among the quantities because the system becomes involutive, according to Cartan-Kahler The- 
orem. This is seen by computing the Cartan characters: s\ = 2, S2 = S3 = S4 = and noticing 
that the space of integral elements at each point is parametrized by 2 parameters u±,U2- 

We are looking to integrate the above equations and find the family of special Lagrangian 
4-folds that satisfy the hypothesis of the theorem. The Cartan-Kahler analysis tells us that 
the solution should depend on 2 functions of one variable. 

From the above structure equations, we can see that uj\ = u>2 = and CJ3 = 0J4 = define 
integrable 2-plane fields on L. The 2-dimensional leaves of the 2-plane field T\ defined by 
003 = 0J4 = are congruent along T2, the codimension 2 foliation defined by uj\ = u>2 = 0. This 
is clear since dt\ = dt2 = mod {ui,u>2} and therefore the structure equations of Ti are: 

duJ\ = t\UJi A U>2, duJ2 = t2<JJ\ A Li>2 

where £i,<2 are constant along T2- Also, the third to fifth equations in (3.30) imply that the 
leaves of the foliation T2 are 2-planes which are congruent along Ti since d(es A e^) = and 
the 2-planes are real, spanned by {e^, e^}. Therefore, L is a product L = S x M 2 where ScC 2 
is a surface. In order for L to be a special Lagrangian 4-fold, E should be a holomorphic curve 
with respect to a certain unique complex structure on C 2 . This is because of the following 
argument. Choose coordinates Zk = Xk + iyt, k = 1...4 on L = S x M 2 . Then L is special 
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Lagrangian if and only if the 2-forms dx\ A dy\ + dx2 A dy2 and dx\ A di/2 + dy\ A dx2 each 
vanish when pulled back to S. But 

{dx\ A dyi + dx2 A dy2) + A dy2 + dyi A cfa^) = {dx\ — idx^) A (dy\ + icfo/2) = du Adv 

where u = x\ — 1x2 and v = y\ + i?/2 are a different set of complex coordinates on C 2 . Then 
£ C C 2 is special Lagrangian if and only if du A cfe |s= 0, which says that £ is a holomorphic 
curve in C 2 with respect to the complex coordinates (u,v) on C 2 . □ 

3.2.4 SO(2)-symmetry 

Theorem 3.8 Suppose that L C C 4 is a connected special Lagrangian 4-fold with the property 
that its fundamental cubic has an SO (2) -symmetry at each point. Then L is invariant under 
an SO{3)-action, whose orbits are 2-spheres, and the surface we obtain in the quotient by this 
action is a pseudo-holomorphic curve, with respect to an almost complex structure. 

Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Proposition 3.3 implies that there exist functions r: L — ► 
R, s: L — > R + and v : L — > M + for which the equation 

C = r(uif — 3uiu%) + s(3u> 2 u>2 — ^2) + 3voji(uj\ + lo 2 — 2uj 2 — 2uj\) 

defines an 5'0(2)-subbundle F C Pl of the L-adapted coframe bundle Pl — > L. The 1-forms 
101,^2,(^3,1^4 and 043 form a basis and satisfy the structure equations: 

duo\ = \—t\s + (r — 3v)t2]^i A LJ2, gL>2 = fes + (r — v)£i]u;i A U2 

dw 3 = 2t\vui A + 2t2VLU2 A W3 + 043 A 0*4, dw4 = 2t\vu\ AW4 + 2t2WW2 AW4- 043 A CJ3 
da 43 = -4v 2 (t 2 + t\ + 1)cj 3 A w 4 

= 6w 2 + vr — 3s 2 — 3r 2 ) — IU2VS — t^uji + 
+[-hvs + t 2 (6v 2 - llvr + 3r 2 + 3s 2 ) + t 3 ]u 2 

ds = t^LOi + £4(^2 (3.31) 

= -f [ti(r + 7t>) + t 2 s]o;i + v[—t±s + (r - 3w)t 2 ]^2 
rfti = [t\{r + 5v) + t\{r - 3v) + r + 5u]wi + [s(t 2 + fij) + s]^ 2 
o!t2 = [8utit 2 + s + s(i 2 + ^)]wi + (u - r)[(t 2 + t 2 2 ) + l]w 2 

tZi 3 = U\U\ + [U2 + t2*3(j - 3u) + ili4(^ — u) — + *2*4«]W2 

cft 4 = ^2^1 + (-ni - 9t 2 s 3 - 6s 3 + 24rsw - 6r 2 s - 18v 2 s - GOt^vs 2 + dOrsvtl 
+3vht 3 + 30i 2 OTs - 9t2S 3 - 7rtit 3 - 9tjr 2 s - 2lt\v 2 s - 7i 2 *3S + 7i 2 *4r 
-25t 2 t 4 v - Ultlv 2 s - 9tjr 2 s - 7M 4 s)^2 

for some functions u\,U2- The above system is in involution, so differentiation of these equa- 
tions does not lead to new relationships among quantities. 

From the above structure equations, we can see that uj\ = L02 = and lo^ = 0J4 = define 
integrable 2-plane fields on L. The 2-dimensional leaves of the 2-plane field Ti defined by 
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u>i = U2 = are 2-spheres. This is clear since the structure equations of the leaves of Ti are 
the structure equations of a 2-dimensional sphere of constant radius 4v 2 (t 2 + t 2 + 1) : 

dui3 = — 034 A U>4, d,UJ4 = «34 A 0J3, da.34 = 4v 2 (t\ + t\ + l)uJ3 A UJ4 

and t±,t2,v are constant along Fi since dt\ = dt2 = dv = mod {cji,^}- Therefore L is 
foliated by non-congruent spheres. 

The 2-dimensional leaves of the other foliation I^, defined by 0J3 = L04 = 0, are congruent. 
This follows from the structure equations 

duji = [—t\s + (r — 3v)t2]uJi A 0J2, dw2 = [t2S + (r — v)fi]a>i A L02 

and the fact that dr = dv = dt\ = dt 2 = mod {u\, u^}- 

Also, the structure equations imply <i(ei A e2 A Jei A Je2) = mod {0^3, W4}. Therefore 
the complex 2-plane (ei, e2, Jei, Je2) is constant along each leaf of the r 2 -foliation and each 
such leaf lies in an affine plane parallel to this 2-plane. 

If we let W21 = [—tis + (r — 3v)t2]uJi + fas + (r — v)ii]u;2, the structure equation for the T 2 
leaves can be written as: 

duj\ = u>2i A UJ2, du)2 = —0J21 A loi, di02\ = 2(r 2 + s 2 — v 2 )uj\ A CO2 

This shows that the leaves of the T2 foliation are congruent surfaces of Gauss curvature 2(v 2 — 
r 2 — s 2 ), lying in the affine complex 2-plane (ei, e2, Jei, Je2)- 

Computations show that the structure equations are invariant under an 50 (3)-rotation 
about some point in C 4 . Therefore, the solutions should be special Lagrangian 4-folds that are 
invariant under the subgroup 50(3), as it sits naturally in 50(4) and hence in SU(A). The 
orbits of the 50 (3)-action are 2-spheres. 

We look now for special Lagrangian 4-folds L, invariant under the action of 50(3). Let 

% L ) > x = ( x i' x 2,a;3),y = (2/1,2/2,2/3) G IR 3 
X4 -f iy4 j 

denote the coordinates on C 4 . The subgroup 50(3) acts diagonally by rotation in x and y, 

A.(* + iy ) = ( A * + lA A, AGSO(3) 
\x 4 + iy 4 J \x a + iy 4 J 

Let Xi,X2,Xs be the infinitesimal generators of 50(3), where 



Xo 



The 4-fold L is invariant under the flow of JQ, i = 1,2,3, so (Xi_iuj) \l= 0,i = 1,2,3, where 
uj = dx • dy + dx 4 A dy 4 is the symplectic form and 

dx • dy := dx\ A dy\ + dx2 A dy2 + dx% A dys 
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It is easy to calculate that 



(X 1 juj) \ L = d(x 2 y 3 ~ x 3 y 2 ) 
which implies that x 2 y 3 — x 3 y 2 = ci, where c\ G R is a constant. Similarly, we can show that 

x 3 yi -xiy 3 = c 2 , xiy 2 - x 2 yi = c 3 

From here it follows that 

x x y = c = (ci,C2,c 3 ), 

where c G IR 3 is a constant vector. 

If c / 0, then x, y are linearly independent and therefore the stabilizer of a point on the 
orbit is trivial. This implies that the orbit has dimension 3, but we know that the orbits are 
2 dimensional spheres. It follows that c = 0, i.e. x and y are linearly dependent. So, L lies in 
the 6-manifold S C C 4 on which the coordinates are given by 

It is easy to compute that 

ijj \-£=d(xui) A d(yu\) + d(xu 2 ) A d(yu 2 ) + d(x«3) A d(yu 3 ) + dx± A dj/4 
=dx Ady + dx4 A dy^ 

Dividing out by the sphere action, we obtain in the quotient a 4-dimensional manifold X A , 
with coordinates (x, y, X4, j/4). The leaves of the uj 3 = L04 = foliation are 2-dimensional 
surfaces M 2 . We calculate now the pullback of the volume form to S. Denote z = x + iy and 
u> = £4 + ^4. So, 

O |s = dz\ A dz 2 A dz 3 A dz^ |s= d(zui) A d(zu 2 ) A d(zu 3 ) A dw 

= z 2 (u 3 du\ A du 2 + u\du 2 A du 3 + u 2 du 3 A du\) Adz A dw = -d(z 3 ) A dw A da 

where da = u 3 du\ A du 2 + uidu 2 A du 3 + u 2 du 3 A du\ is the area form of the 2-sphere S 2 . 
Then L C S is special Lagrangian if and only if the 2-forms 

a = dx A dy + dx^ A dy^ = — (dz Adz + dw A dw) 

1 i 
= lm(-d(z 3 ) A dw) = --(d(z 3 ) A dw - d(z 3 ) A dw) 

o D 

each vanish when pulled back to M 2 C X A . But: 

a A a = — — (dz Adz A dw A dw) 

(3 A [5 = —(d(z 3 ) A dw A d(z 3 ) A dw) = -((zz) 2 dz A dw A dz A dw) 
18 2 
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Rescaling (3 by dividing it by zz 



we get that (a + i(3) 2 = 0, so this form is decomposable and it is easy to compute that 




a + ip = — (£1 A£ 2 ), 



where £i = zdz — izdw and £2 = zdz — izdw. The forms £i,£2 form a system which is not 
integrable since 



In fact there is no combination of the forms £1, £2 that is integrable. 

Since a+i(5 \m= 0, it implies that M 2 is a pseudo-holomorphic curve in X 4 , with respect to 
a certain almost complex structure, which is not integrable. Conversely, every almost complex 
surface in X 4 lifts to a special Lagrangian 4-fold L C X 6 C C 4 . □ 

3.3 Discrete symmetry 

Next, we are analyzing the case of discrete symmetry. Suppose that the stabilizer G of the 
fundamental cubic of a special Lagrangian 4- fold is a finite subgroup of SO(4). If g is an 
element of G, then g is conjugate to an element in the maximal torus of SO(4): 



The following result tells us when there exists a harmonic cubic in 4 variables fixed by a 
nontrivial element g in the maximal torus. 



nontrivial harmonic cubic in four variables {x\, X2, £3, £4) if and only if at least one of the 
following conditions is satisfied: 

1. 3r G Z, when the fixed harmonic cubics contain linear combinations of 

2. r G Z, u>/ien £/ie /ixed harmonic cubics contain linear combinations of 

{x\ - 3x\x\, 3xfx 2 - x\, x\(x{ + x\ - 2x\ - 2x1), x 2{xf + x\ - 2x\ - 2x\)}; 

3. 2r + s G Z, iw/ien i/ie /ixed harmonic cubics contain linear combinations of 
{{x\ - xl)x 3 - 2x1X2X4, {x\ - xtyx/t + 2x1X2X3}; 

4. 2r — s G Z, w/ien i/ie fixed harmonic cubics contain linear combinations of 
{{x\ - xl)x 3 + 2x1X2X4, {x\ - xtyx/t - 2x1X2X3}; 

5. 2s + r G Z, when the fixed harmonic cubics contain linear combinations of 



d£i = -dw Adw mod {£1, £2} 





where r G Q, s G Q, r, s 



< 1, /ixes a 
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{{x\ - x\)xi - 2x 2 x 3 x 4 , {x\ - x\)x 2 + 2x1X3X4}; 

6. 2s — r G Z, when the fixed harmonic cubics contain linear combinations of 
{(x| - xf)xi + 2x 2 x 3 x 4 , (x| - x\)x 2 - 2x1X3X4}; 

7. 3s G Z, u>/ien the fixed harmonic cubics contain linear combinations of 
{xjj 3x3X4, 3X3X4 ^4}? 

8. s G Z, w/ien i/ie /ixed harmonic cubics contain linear combinations of 

{xjj 3X3X4, 3X3X4 X4, X3^2x^ ~t~ 2x 2 ^4)' X4(2x^ ~\~ 2x2 ^4)}' 

Proof: Let = V 3 (zi, z 2 , z~i, z 2 ) be the space of complexified cubic polynomials, in the 
variables (z\, z 2 , z\, z 2 ), where z\ = xi+ix 2 , z 2 = x^+ix^. The maximal torus in SO(4) acts on 
= Tt 5 (zi, z 2 ,z\,z 2 ), the space of complexified harmonic cubics in 4 variables (z\, z 2 ,z\,z 2 ), 
as follows: 

(^o" e 2% s )-P{zi, z 2 , zi,z 2 ) = P(zl,z 2 ,zl,z 2 ), P £Hc 
where z\ = e 2mr z\, z 2 = e 2ms z 2 . Under this action, the space decomposes as follows: 

Hi = W 3 (2i, z 2 ) 9 W(P 2 (zi, z 2 ) ® P^I, Z " 2 )) ® H^ 1 ^!, ^2) ® P 2 (ii,^)) 9 « 3 (zi, z 2 ) 

A basis for the space H. 3 (zi, z 2 ) is given by the polynomials {zf , z 2 z 2 , z\z 2 , z 2 }. Since g.z\ = 
e 2mr zi and 5.2:2 = e 2ms z 2 , it follows that g.zf = e 6mr zf, g.z\z 2 = e 2m ^ 2r+s ^ z\z 2 , g.z\z\ = 

e 27r(r+2s) ZiZ 2 and g z i = e 67ris z 3_ Thig further imp l ies t h a t unless e 6wir = 1, e 2 ™( 2r + s ) = 1, 

e 2m(r+2s) _ or e 6ms _ ^ there is no fixed element in the space H 3 (zi,z 2 ). The above 
conditions are equivalent to 3r G Z, 2r + s G Z, r + 2s G Z or 3s G Z. Therefore, W 3 (zi, z 2 ) 
decomposes into the following four weight spaces: 

n 3 ( Zl , Z 2 ) = F (3i0 ) © F( 2 ,l) © V (lj2) © V (0) 3) 

All these weight spaces have multiplicity 1 and a basis in V^q), ^(2,1) > ^(1,2) > ^(0,3) is given by 
the harmonic polynomials zf, z 2 z 2 , Z\z\ and z 2 respectively. 

We analyze now the fixed elements for the space TL{P 2 {z\,z 2 ) © V 1 (z\,z 2 )) of harmonic 
polynomials in V 2 (zi, ^2) ©"P^-fi, z 2 ). It is easy to see that a basis in the space Tt(V 2 (zi, z 2 ) © 
V 1 (zi,z 2 )) is given by the harmonic cubics 

{zfz 2 , z\z\ - 2ziz 2 z 2 , z\z 2 - 2ziz 2 z 1 , z\z{\ 

and this space decomposes into: 

H(V 2 ( Zll z 2 ) © V l {z l: z 2 )) = V (2 _i } © F ( i )0) © V (0) i) © V(_i )2) 

We can see that unless at least one of the conditions: 2r — s G Z, r G Z, s G Z or 2s — r G Z 
are satisfied, there is no fixed vector in any of the weight spaces. 

Doing a similar argument, one can see that a basis in the space 7i(V 1 (zi, z 2 ) © V 2 (z\, z 2 )) 
is given by the polynomials 

{z 2 zf, z\z\ - 2z 2 ziz 2 , z 2 z\ - 2ziziz 2 , z\z\} 
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and the space decomposes into: 

H(r 1 (z 1 ,z 2 )®r 2 (z 1 ,z 2 )) = F(_ 2 ,i) © F ( _i )0 ) © V (0 ,-i) © V ( i_2) 

Unless at least one of the conditions: — 2r + s G Z, — r G Z, — s G Z or —2s + r G Z is satisfied, 
there is no fixed vector in any of the weight spaces. 

Finally, a basis in the space H 3 (zi,z 2 ) is given by the polynomials {z\,z\z 2 ,z\z\,z\?$ and 
this space decomposes into the weight spaces: 

H 3 (Z1, Z 2 ) = V ( _ 3i o) © V(_ 2 _ 1} © V(_i _ 2 ) © V(_o -3) 

For there to be a fixed vector in this space, at least one of the following conditions should be 
satisfied: — 3r G Z, — 2r — s G Z, — r — 2s G Z or —3s G Z. 

Therefore, the space of complexified harmonic cubics decomposes under the action of the 
maximal torus into 8 pairs of opposite weight spaces, each of multiplicity one: 

= V m © V { _ 3fi) © V( 2)1) © V(_ 2 _i) © V( 1)2) © ^(-1-2) © V (0) 3) © V (0 -3) © V (2 _ 1} 
© V" ( _ 2 ,l) © F (1)0 ) © ^(-1,0) © V(o,i) © V (0 _i) © V (1 _ 2 ) © F(-i )2 ) 

A real harmonic cubic is the sum of elements drawn from these weight spaces, with the 
coefficients in opposite weight spaces being complex conjugates. Then, there exists a fixed 
element in the space of real harmonic cubics in 4 variables if and only if there are nontrivial 
elements in the maximal torus that act trivially on at least one pair of these weight spaces. By 
the above analysis, one can see that this is equivalent to the satisfaction of at least one of the 
following conditions: (1) 3r G Z, (2) r G Z, (3) 2r + s G Z, (4) 2r — s G Z, (5) 2s + r G Z, (6) 
2s — r G Z, (7) 3s G Z, (8) s G Z. Next we assume that exactly one of the conditions above is 
satisfied: 

1) 3r G Z. In this case g acts trivially on the pair of opposite weight spaces V^q) and 
V(_3 ; o) and the fixed real harmonic cubics in 4 variables are of the form azf + azf . So, 

C = Re(azf), 

where a G C. Therefore, a basis in the space of fixed real harmonic cubics is given by the 
harmonic polynomials {xf — 3xiX2, 3x^x 2 — x^}. 

2) r G Z. This condition implies also 3r G Z and g acts trivially on the pairs of opposite 
weight spaces V"( 3j0 ), V"(_ 3i o), ^(i,o) an d V"(_ 10 ). So, the fixed real harmonic cubics are of the 
form: 

C = Re(azf + b{z\z l - 2ziz 2 z 2 )), 
where a, b G C. Therefore, a basis in the space of fixed real harmonic cubics is: 

{xf — 3xix 2 , 3x^x 2 — x 2 , x\(x\ + x\ — 2x\ — 2x1), x 2{x\ + x\ — 2x\ — 2x4)} 

3) 2r + s G Z. Then g acts trivially on the pair of opposite weight spaces V( 2 ,i) an d V(- 2 ,-i) 
and the fixed real harmonic cubics are of the form: 

C = Re(azfz 2 ), 
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where a G C. A basis in the space of fixed real harmonic cubics is given by the polynomials: 
{{x\ - x 2 )x 3 - 2xix 2 x 4 , (xf - x 2 )x4 + 2xiX 2 X 3 } 

4) 2r — s G Z. The element g acts trivially on V( 2j _i) and V(_ 2j i) and the fixed real harmonic 
cubics are of the form: 

C = Re(azfz2), 

where a G C. Thus, a basis in the space of fixed real harmonic cubics is given by the polyno- 
mials: {{x\ — x 2 )x 3 + 2x1X2X4, (x\ — x 2 )x4 — 2xix 2 x 3 } 

5) 2s + r G Z. In this case 5 acts trivially V( 1;2 ) and F(_ lj _ 2 ) and 

C = Re(azizf), 

where a G C is the general harmonic cubic polynomial fixed by the action. Therefore, a basis 
for the space of fixed real harmonic cubics is given by the harmonic polynomials {(x| — x|)xi — 
2x 2 x 3 x 4 , (x| - x|)x 2 + 2x1X3X4}. 

6) 2s — r G Z. Then g acts trivially on the pair of opposite weight spaces V"(__i i2 ) and V(i _ 2 ) 
and the fixed real harmonic cubics are of the form: 

C = Re(z 2 2 zi), 

where a 6 C. A basis is given by the polynomials: {(x|— x|)xi+2x 2 X3X4, (x 2 — x|)x 2 — 2x1X3X4} 

7) 3s G Z. Now g acts trivially on the pair of opposite weight spaces V( 0j3 ) and V( 0) _3) and 
the fixed real harmonic cubics are of the form: 

C = Re(azl), 

where a G C and therefore, a basis is given by {xg — 3x 3 x|, 3x|x4 — X4}. 

8) s G Z. In this last case, g acts trivially on V^), V( ,-3), V(o,i) an d V^-i). The real 
harmonic cubics fixed by the action are of the form: 

C = Re(azf + b{z\z2 — 1z\Z2Z\j)^ 

where a, b G C. Therefore, a basis in the space of fixed real harmonic cubics is: 

{x| — 3x3X4, 3x|x4 — x 4 , x 3 (2xi + 2x 2 — X3 — X4), x 4 (2xi + 2x 2 — x| — x 4 )} □ 



Remark 1: In Figure 1 below we graphed in the coordinates (r, s) mod Z all the possibilities 
appearing in Proposition 3.9. By moding out by the Weyl group of SO (4), we can consider 
the possibilities only in the triangle found by intersecting the regions below the lines r = s 
and s = 1 — r. Furthermore, since the stabilizer of g in 50(4) coincides with its stabilizer in 
0(4), we can actually mod out by the Weyl group of 0(4). The elements ^ e2 ™ r Jl is ^j and 
, 2wir s / 1 \ 

( e -2-Kis ) are conjugate to each other in 0(4), by the element I 00-10 ) e 0(4). There- 
v y Vo 1/ 

fore, we can restrict our attention to the cases found in the small shaded triangle shown in 

Figure 1, which is a fundamental Weyl chamber. 
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Figure 1: The weight spaces and a fundamental Weyl chamber 

Remark 2: If only one of the conditions in the small triangle are satisfied, the stabilizer G will 
be at least an £0(2), thus continuous, and we will recover the cases already studied in section 
3.2. For example, if only 2s — r £ Z, moding out by Z, we get 2s — r = 0. The stabilizer group 
in this case looks like j ^ e ™ ® e ^ , 8 £ R j and this is the case of continuous symmetry studied 
in Theorem 3.2.3. 

Therefore, in order to find the fundamental cubics that have discrete nontrivial stabilizers 
under the action of £0(4), we have to look at elements that have nontrivial components in 
at least two non-opposite weight spaces. As seen in Figure 1, up to conjugacy in 0(4), there 
are six nontrivial elements in the maximal torus that act trivially on more than two pairs of 
weight spaces. 

Corollary 3.10 If G is a nontrivial discrete subgroup of £0(4) that stabilizes a nontrivial 
polynomial h G Tis^ 4 ), then G can not have elements of order > 6. 

Proof: This follows from Proposition 3.9 and the above remarks. Any element in G is 
conjugate to an element of the form g = ^ e2 ™ r Jl is ^ , where r = ^ £ Q, s = ^ G Q, r, s < 1. 

By looking at the small triangle in Figure 1, we can see that there are the following 
possibilities for the values of r and s mod Z and mod the Weyl group: 

1) If r + 2s G Z and 3r 6 Z, then r = 4 and s = i. The element q = I e_3 ~ 5, ) has order 

6 and acts trivially on the pairs of opposite weight spaces V"( 3)0 ), V^fi) an d ^(1,2) ■> ^(-1,-2)- 
The general harmonic cubic stabilized by this element is 

C = Re(azf + bziz%), a, b £ C 
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2) If r + 2s G Z and 2r - s G Z, then we get r = | and s = ±. The element g = ( e 5 2 ° ^ 

has order 5 and acts trivially on the pairs of opposite weight spaces V(i ; 2), V(_i i _2) and 
V(2,_i), V(_2,i). Therefore, the general harmonic cubic stabilized by this element is 

C = Ke(az\Z2 + bzfz2), a, b G C 

3) If 2s — r G Z and r + 2s G Z, then we get (r, s) = (i, 4). The element g = ( "T. 1 9 ) has order 



, 2 ' 4 / • ■*- y V * , 

4 and acts trivially on the pairs of opposite weight spaces V(_i j2 ), ^(1,-2) an d V(i,2)> ^(-1,-2) ■ 
The general harmonic cubic stabilized by this element is 

C = Ke(az\Z2 + bziz%), a, b G C 

4) If s G Z and 3r G Z, then we get (r, s) = (|,0). The element g = ( e ~^~ f ) has order 
3 and acts trivially on the pairs of opposite weight spaces V"( 3j o), V"(_ 3)0 ), V(o,i)> ^(0,-1) an d 
V( 0i 3) , V(o,-3) • The general harmonic cubic fixed by this element is 

C = Re(azf + bz\ + c(z|z 2 - 2ziziz 2 )), a, 6, c G C 

5) If 2s — r G Z, 2r — s G Z, 3r G Z and 3s G Z then we get (r, s) = (§, ±). The ele- 

6 ^ 3_ ) has order 3 and acts trivially on the pairs of opposite weight spaces 

eT / 

V(-i,2), V(i _ 2 ), V( 2 _i), V(_ 2 ,i), V( 3j0 ), V(_ 3) o) and V" (0;3) , F (0 _ 3) . The general harmonic cubic sta- 
bilized by this element is 

C = Re(aziz| + bz\z.2 + czf + ezf), a,b,c,e G C 

6) If s G Z, 2r + s G Zand 2r-s G Z, then we get (r, s) = (±,0). The element g = (~ /2 ° ) has 
order 2 and acts trivially on the pairs of opposite weight spaces V( 0j i), V( 0j _i), V( 2j i), V(_ 2) _i), 
^(2,-1) j ^(-2,1) an< i ^(0,3)) ^(0,-3)- The general harmonic cubic stabilized by this element is 

C = Re(a^2 + b{z\z2 — 1z\Z\Z2) + cz 1 Z2 + ezf Z2), a,b,c,e G C 

7) If r G Z, s G Z, r + 2s G Z, 2r + s G Z, 2s — r G Z and 2r — s G Z, meaning all the conditions 
are satisfied at once, then we get r = 1 and s = 0, so g is just the identity element. 

3.3.1 Polyhedral symmetry 

Now we are going to find the nontrivial harmonic cubic polynomials in 4 variables whose 
stabilizer is one of the polyhedral subgroups of 50(4) described in Section 3.1. and we will 
study the families of special Lagrangian 4-folds with these symmetries. 

Proposition 3.11 The SO (A) -stabilizer of C G W 3 (M 4 ) is a polyhedral subgroup of SO (4) if 
and only if C lies on the SO (4) -orbit of exactly one of the following polynomials: 

1. rxi(xf — x\ — x\ — xf) + SX2X3X4, for some r, s > satisfying s 7^ 2\^5r, whose stabilizer 
is the tetrahedral subgroup T of SO (4); 

2. SX2X3X4, for some s > 0, whose stabilizer is the irreducibly acting octahedral subgroup + ; 

3. r[x\{x\ — x\ — x\ — X4) + 2\/5x2X3X4], r > 0, whose stabilizer is the irreducibly acting 
icosahedral subgroup I + . 
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Proof: The polyhedral subgroups of £0(4) were found to be the tetrahedral subgroup T of 
order 12, the reducibly and irreducibly acting octahedral subgroups O and + , each of order 
24, the reducibly and irreducibly acting icosahedral subgroups I and I + , each of order 60. 

First we look at the tetrahedral subgroup T and find the harmonic cubics in 4 vari- 
ables {x±, X2, £3, £4} that are stabilized by this subgroup. As we have seen in Section 3.1, 
T = {[t,t]\t G T}, where T = {±1, ±i, ±j, ±k, ±(±1 ± i ± j ± k)} is the binary tetrahedral 
subgroup of the unit quaternion group U, of order 24. The subgroup T sits in SO (3) and it 



is generated by the transformations: [i, i] with representing matrix 



basis {1, i, j, k}, [j, j] with representing matrix 



1000 
0-100 
0010 
000-1 



100 
010 
00-1 
000 



relative to the 



and [i(l + i+j+k),i(l + i+j + k)] 



'1 0" 
10 
1 
I I 

only if the cubic is invariant under the flips of the signs of two of the coordinates {X2, X3, X4} 



with representing matrix 



We can see that T fixes a cubic in {xi, X2, £3, £4} if and 



and also under permuting {X2, £3, X4} while keeping x\ fixed. Therefore, the cubic should be 
a linear combination of the polynomials x\, x\(x\ + x\ + x\) and X2X3X4. Now, considering 
the extra condition that the cubic should be harmonic, it follows that the harmonic cubics 
stabilized by T lie on the 50 (4)-orbit of the polynomial 



C = rx\(x\ — x\ — x\ — x\) + SX2X3X4, 



(3.32) 



for some r, s > 0. 

We turn now to the harmonic cubics invariant under the reducibly acting octahedral sub- 
group O, which sits in 50(3). As we have seen in Section 3.1, the group O = {[0,0] | o G O}, 
where O = T U 775(1 + i)T is the octahedral binary subgroup of U, of order 48. Since 
O contains T, it follows that 



is generated by the generators of T and the extra element 
/ 1 o\ 

with representing matrix I [j J q ° I • This extra element fixes the poly- 

\o -1 0/ 

nomial (3.32) if and only if s = 0. Therefore, the harmonic cubics stabilized by O lie on the 



;M 1 + i > 



SO (4)-orbit of the polynomial rxi(xf 



x|),r > which has full symmetry 50(3). 



We look now for harmonic cubics invariant under the irreducibly acting octahedral subgroup 
0+ = {[0,0], o G T and [0,-0], o G ^=(1 + i)T}. The subgroup 0+ contains T and it is 



773(1 + i),-^(l + i) 



This extra 



generated by the generators of T plus the extra element 
element fixes the harmonic polynomial (3.32) if and only if r = 0. Therefore, the harmonic 
cubics stabilized by + lie on the 50(4)-orbit of the polynomial SX2X3X4, s > 0. 

We look now for the harmonic cubics invariant under the reducibly acting icosahedral 
subgroup I, which sits in 50(3). As we have seen in Section 3.1, I = {[1,1] \ I € I}, where 
I = U^ =0 (2^ + §i+ 2"j) fe T i s the binary icosahedral subgroup of U, of order 120 and r = ^ 2 +1 ■ 
The subgroup I contains T and it is generated by the generators of T plus the extra element 
[j- + §i + \], t^p + 2"^ + ^j] ■ Straightforward calculations show that this extra element fixes 
the harmonic polynomial (3.32) if and only if s = 0. Therefore, the harmonic cubics stabilized 
by I lie on the 50(4)-orbit of the polynomial rx\{x\ 4) which has full symmetry 

50(3). 

Finally, we look for the harmonic cubics invariant under the irreducibly acting icosahedral 
subgroup I + . From Section 3.1, I + = {[r + ,r] | r G I}, where r + is the image of r G I under 
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the automorphism of the quaternion field that changes the sign of y/E. This automorphism 
exchanges r for — - . The subgroup I + contains T and it is generated by the generators of T plus 
the extra element [(^ + §i + ±j)+, ± + §i + ±j ] = [-§ - ^ri + ±j, + §i + ^j] . Straight- 
forward calculations show that this extra element fixes the harmonic polynomial (3.32) if and 
only if s = 2y/Er. Therefore, the harmonic cubics stabilized by I + lie on the S'0(4)-orbit of 
the polynomial r[x\{x\ — x\ — x\ — x|) + 1y/Ex2X 3 X/±\. 

To conclude, one can easily compute that the identity component of the stabilizer of the 
polynomial (3.32) is always discrete, except in the case s = 0. □ 

We now consider those special Lagrangian submanifolds LcC 4 whose cubic fundamental 
form has a polyhedral symmetry at each point. 

Theorem 3.12 Suppose that L C C 4 is a connected special Lagrangian 4-fold with the property 
that its fundamental cubic at each point has a tetrahedral symmetry T. Then, up to congruence, 
L is the Harvey-Lawson example LcC 4 defined in standard coordinates by the equations 

L : \z \ = \zi\ = \z 2 \ = \z 3 \ 
Re(z ziZ2Z3) = V2 

Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Proposition 3.11 implies that there exist functions r, s : L — > 1R+ 
with s y/br and a T-subbundle F C Pl over L for which the following identity holds: 

C = ?>rLUi{u)\ — U)\ — — ) + 6SW2<^3<^4 

Since F is an T-bundle, the following relations hold: 021 = 031 = «4i = 032 = «42 = «43 = 
mod {ooi, UJ2, L03, 0J4}. The usual differential analysis yields the following structure equations 
on F: 

duj\ = 

dtJ2 = \/ s 2 — r 2 uJi A 102 

ckd3 = y/ s 2 — r 2 u>\ A W3 (3.33) 
duJ4 = yj s 2 — r 2 iO\ A 0J4, 

dr = — 5rv s 2 — r 2 uj\, 

ds = —s\J s 2 — r 2 LO\ 

From the last two equations in (3.33), it follows that r = cs 5 , c > constant. We can 
suppose that c = 1 since the equations are invariant under scaling. Moreover, s £ [—1,1]. 

The above structure equations imply that lo± = defines an integrable 3-plane field which 
we denote by T2 and that ll>2 = = U4 = defines an integrable 1-plane field denoted by 
r"i. Since dw\ = 0, it follows that uj\ = dx\ on the leaves of the foliation Ti. The structure 
equations (3.33) also imply d(sui2) = d{soj^) = d^soj^) = and therefore there exist functions 
x 2 ,x 3 ,x 4 on L such that uj 2 = uj 3 = and lj a = The metric g = dx l +d ^ +dx l is 

well defined on the leaves of the T2 foliation. 
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Equations cfej = ejCtji — Jejfiji and d{Jei) = e.jfiji + JejCtji yield that, as matrices 
d(ei Jei) = (ei Jei) (^_o^5 UJi ^ mod {w 2 ,W3,w 4 } 

Therefore, the leaves of the Ti foliation are plane curves with curvature k = 3s 5 , lying in the 
complex line (ei, Jei). These curves are congruent since ds is a multiple of u\. 

Now consider the T2 foliation, defined by the equation uj\ = 0. Since s is constant on 

its leaves, the connection matrix A = ( ^ ) satisfies A A A = dA = 0. Therefore A 

\ — Pij OiijJ 

takes values in a 3-dimensional abelian subalgebra g C su(4). The maximal torus of SU(4) is 
conjugate to the subgroup 



di&g(e id ° , e idl , e id2 , e* e3 ) | ^ 0; = mod 2n 



K k=0 ) 

and the maximal torus acts on L by rotating around a plane curve C. Therefore, the solution is 
invariant under the torus action and the only special Lagrangian 4-folds with this property are 
described explicitly by Harvey and Lawson in their paper [12]. If (zq, z\,Z2, £3) are coordinates 
on C 4 , then the special Lagrangian 4-folds in C 4 invariant under T 3 look like: 

I 1 2 I 1 2 I 1 2 I 1 2 I 1 2 I 1 2 In a\ 

\Zo\ —\zi\ =Cl, |zo| —\Z2\ = C2, \zo\ - \Zz\ = C3, (3.34) 
Re(z ziz 2 Z3) = a 

for some real constants a,c±, C2, C3. It is easy to see that the solution of the structure equations 
(3.33) is symmetric in (zi, Z2, £3), therefore ci = C2 = C3 = c. 

Reparametrizing the solution using polar coordinates = rke t0k , k = 0...3, (3.34) becomes 

2 2 2 2 2 2 to ox\ 

r - r l = r - r 2 = r ~ r 3 = c ( 3 - 35 ) 

#0 = arccos #1 — #2 — #3 

We will find out for what constants a and c, the special Lagrangian 4-fold defined by (3.35) 
is a solution of the structure equations. As we have seen, the solution is a special Lagrangian 
4-fold which is foliated by congruent curves of curvature 3s 5 and 3-manifolds which are the 
T 3 -orbit of the points on the leaves of the first foliation. 

Since z(r, 61,02,63) = (V c + r 2 , arccos r3v /° +r ^ — 0\ — O2 — 0%,r, 0\,r, O2, r, #3), the tangent 

plane to a T 3 -orbits is spanned by the vectors v\ = zq x = — ^ + V2 = zq 2 = — ^ + ^ 
and u 3 = z 03 = + Jj. 

We look now for another vector vq in the tangent space of L such that {fcb u i> w 2> ^3} are 
a basis of this tangent space. Since this tangent space is special Lagrangian, the symplectic 
form to and the imaginary part of the holomorphic volume form Q should vanish on it. Also, 
vq should be orthogonal to Vi, i = 1...3, so g(vo, Vi) = for i = 1...3. 

Let us write 

A 8 d 

i=0 
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The symplectic form in polar coordinates is uj = Ylf=o ^idriAdOi and the condition cu(vo, Vi) = 
for i = 1,2,3 implies that V{ = = where v = tqVq. The metric on C 4 is g = 

X^=o(^ r *) 2 + r i(dQi) 2 an< i the condition that g(vo,Vi) = for i = 1...3 implies the relations 

2 

£*i = ^-tt 2 - = -^7, for i = 1,2, 3, where /U = /Uo^q. Finally, straightforward calculations yield that 
the condition Imfi^i, v 2 ,v 3 , ^0) = implies the relation ^ = tan(0o + 0i + 02 + ^3) -Therefore, 

_y-J__d_ tan(0 o + gi + 2 + 3 ) 9 

Next, we find an integral curve of the vector field vq, that lies in: 

L : n = r 2 = r 3 = r, r = \/c + r 2 , O = arccos Q - 0\ - 6 2 - 3 . 

r J v c + r 2 

When c = 0, an integral curve is given by 

C : r = n = r 2 = r 3 = r, O = 0i = 2 = 3 = 6*, cos(40) = 

Therefore, the curve C is given by: z\ = z 2 = Z3 = Z4 = re td , r 4 cos(40) = a and it is 
a plane curve which lies in the complex line z\ = z 2 = z 3 = Z4. We have seen that L is 
foliated by plane curves with curvature 3s 5 , so we will determine for what value of a the 
curve C has this curvature. We choose an orthonormal basis in the z\ = z 2 = z 3 = Z4 plane: 
ei = (5,0, |, 0, |, 0, |, 0) and e 2 = (0, |, 0,^,0, ^,0, ^) and in this basis, the curve C is given 

by 7 (0) = (2rcos0,2rsin0), where r = (j^gj)*. 

Computing the curvature of 7, one gets A;(0) = — |a~^(cos(40))5. But the curves that 
foliate L are parameterized by arclength 

LUl = dt = d6\~f '| = 2a3(cos0)-t (3.36) 

and the curvature in this parameterization is k = 3s 5 . Therefore 

s=(^=-^x(cos40)i. (3.37) 
2 5 a 20 



From the structure equations (3.33), it follows that ds = — sv 7 s 2 — s w uj\ has to be satisfied. 
Using equations (3.36) and (3.37), we get 

ds = -^-g- (cos 40) 3 sin 40 uj x (3.38) 
2 5 a 10 

and from equation (3.38), 

- s\A 2 - s 10 uji = — ; (cos 40)^ ( — ; (cos 40)^ — (cos 40) 2 j Wl 

25a2o \25aio 4a3 / (3.39) 

Equating these last two equations, it follows that a = \/2. The structure equations are satisfied 
now and L is a special Lagrangian 4-fold. 



32 



To conclude, the special Lagrangian submanifold L that is a solution to the structure 
equations (3.33) can be described explicitly as: 

L : \z \ = \zi\ = 1 22 1 = \z 3 \, Re(z ziZ2Z3) = \pi. □ 

Theorem 3.13 Suppose that L C C 4 is a connected special Lagrangian 4-fold with the property 
that its fundamental cubic at each point has an octahedral symmetry Q + , where + is the 
irreducibly acting octahedral subgroup of SO (4). Then, up to congruence, L is the Harvey- 
Lawson cone in C 4 defined in standard coordinates (zo, z±, z 2 , z 3 ) by the equation 

L : \z \ = \zi\ = \z 2 \ = \z 3 \, Re(z ziZ2Z 3 ) = (3.40) 

Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Proposition 3.11 implies that there exists a function s: L — > R + 
and an + -subbundle F C Pl over L for which the following identity holds: 

C = 6SUJ2CO3LO4 

and the 1-forms U\ , 0J2 , ^3 , ^4 form a basis on F. 

Straightforward calculations show that the structure equations are: 

dix)\ = 0, cL>2 = su}\ A UJ2, duos = su>\ A 0J3, dw4 = soj\ A 004, ds = —s 2 loi 

(3.41) 

The structure equations imply the equation 

de\ = s(e20J2 + 63^3 + 641^4) = s(dx — e±uji), 

where x: L + — > C 4 . From here and the last equation in (3.41), it follows that x = — + xq, 
where xo is a constant which we can reduce to by translation. Therefore x = ^j. On the 
leaves of the foliation lx)2 = 0J3 = uj^ = 0, de\ = and thus the vector e\ is constant along these 
leaves. This tells us that the special Lagrangian 4- fold L + is a cone on some 3-dimensional 
manifold S C S 7 . We have to determine now for what 3-dimensional manifolds E C S 7 , the 
cone C(£) is special Lagrangian and satisfies the structure equations. 

In the case t = — s we obtain x = — ^ and the solution is again a cone through the origin, 
call it L~. We have that L = L + U L~ . 

The connection matrix A = ( ° l J ^ ] satisfies AAA = dA = 0. Therefore A takes values 



-Pij ol 13 

in an abelian subalgebra C su(4). The group G = expg is a maximal torus of SU(4) and it 
is conjugate to the diagonal torus T 3 = |diag(e if?0 , e idl , e i02 , e iez ) : ELo^ = mod 27r }- 

G acts transitively on the cone, so the cone is homogeneous and we have to determine 
which of the orbits on the 7-sphere are special Lagrangian. The solution is invariant under the 
torus action and therefore the links of these special Lagrangian cones are 3-dimensional tori 
on S 7 . They are described explicitly by Harvey and Lawson in their paper [12]. It follows that 
L is given in standard coordinates (zq, z±, z 2 , Z3) by (3.40). 
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Therefore, the special Lagrangian cone L is a union of two cones L + (obtained in the 
case t = s) and L~ (obtained in the case t = — s) with vertices at the origin through the 
3-dimensional tori T + and T~ on S 7 given by 

T + = { Qe* ± e * ± e * ± e *») : 6 + ^ + 9 2 + 3 = \ } 

T- = { Qe* ±e*») : O + 6»x + # 2 + 6» 3 = ^} 

Theorem 3.14 There are no connected special Lagrangian A-folds whose fundamental cubic 
at each point has an icosahedral symmetry I + , where I + is the irreducibly acting icosahedral 
subgroup of SO (4). 

Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Proposition 3.11 implies that there exists a function r: L — ► M. + 
for which the equation 

C = 3r[oJi(o;^ — cj| — w| — cj|) + 2v / 5w2<^3<^4] 

defines an I + -subbundle F C Pl of the L-adapted coframe bundle Px, — > L. The usual 
differential analysis on the subbundle F yields r = 0, contrary to the hypothesis. □ 

3.3.2 Symmetries of order 6, 5 and 4 

We have seen in Corollary 3.10 that the elements of a discrete stabilizer of a fundamental cubic 
of a special Lagrangian 4- fold have order less or equal to 6. From the proof of this corollary, 
the general harmonic cubic stabilized by an element of order 6 is 

C = Re(rzf + sz\Z%) = r(x\ — 2>x\x\) + s[(x| — x\)x\ — 2x2X3X4] 

where we can arrange r, s to be real and non-negative by making rotations in the z\ and in 
the Z2-lines. Easy computations show that the full stabilizer of C is the dihedral group on 6 
elements D6, if r / and s ^ 0. A similar differential analysis as in the previous cases yields 
the following result. 

Theorem 3.15 There are no nontrivial special Lagrangian submanifolds in C 4 whose funda- 
mental cubic has a discrete stabilizer which contains at least an element of order 6. 

Next, the general harmonic cubic stabilized by an element of order 5 is 

C = Re(rziz| + sz\ Z2) 
where we can arrange r, s > 0. Same analysis gives: 

Theorem 3.16 There are no nontrivial special Lagrangian submanifolds in C 4 whose funda- 
mental cubic has a discrete stabilizer which contains at least an element of order 5. 
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Remark: From this theorem, the result in Theorem 3.3.6 follows immediately, since the irre- 
ducibly acting icosahedral subgroup of SO (4) has elements of order 5. 
Next, the general harmonic cubic stabilized by an element of order 4 is 

C = Ke(rziz 2 + sz\z 2 ) 

where we can arrange again r, s to be real and non-negative. The stabilizer of C is a continuous 
subgroup if r = or s = 0, the irreducibly acting octahedral subgroup + if r = s and the 
dihedral group D4 in the rest of the cases, since the element of order 2 that flips the signs of 
{x2,xs} belongs to the stabilizer. 
We obtain: 

Theorem 3.17 There is no nontrivial special Lagrangian A-fold in C 4 whose fundamental 
cubic has a D 4- symmetry at each point. 

For the details of the calculations in the above results see [5] . 
3.3.3 Discrete symmetry at least Z3 

Now we consider those special Lagrangian 4-folds L C C 4 whose fundamental cubic has at 
least a Z^-symmetry at each point. We saw in the proof of Corollary 3.10 that there are two 
inequivalent orbits that stabilize an element of order 3. We start with: 

Case 1. (r, s) = (§,0) : The general harmonic cubic fixed by the element g = ( e ~|^ ) 
in the maximal torus is: 

C = Re(rzf + tz\ + sz 2 (\z 2 \ 2 - 2\ Zl \ 2 )), 

where r, t, s £ C. By rotations in the zi-line and Z2-line, we can arrange that r, s be real and 
non-negative. By writing t = u + iv, u,»el, the cubic C becomes: 

C = r{x\ — 3x1X2) + sxz{x\ + x\ — 2x\ — 2x 2 ) + n(x| — 3x3X4) + i>(x4 — 3x|x4) (*) 

where r, u, v, s G M and r, s > 0. 

The next lemma tells us what the full stabilizer of C is. 

Lemma 3.18 The full stabilizer of the harmonic cubic polynomial (*) is: 

1) a continuous subgroup of SO (A), if r = or s = u = v = 0; 

2) the dihedral subgroup D3 generated by the order 3 element g and the order 2 element 
that flips the signs o/{x2,X4}, if r / 0,v = 0; 

3) the dihedral subgroup D3 generated by the order 3 element g and the order 2 element 
that flips the signs of {x 2 , X4} , if r / 0, v = 0, u = 3s; 

4) the order 18 normal subgroup of D3 x D3, if u = v = and r,s / 0; 

5) . the cyclic subgroup Z3 generated by the order 3 element g if none of the above 
relations among the parameters r, s, u, v hold. 
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Proof: We denoted by G be the stabilizer of the polynomial C, where r, s > 0. A simple 
computation shows that G is a continuous subgroup if and only if r = or u = v = s = 0. 
Therefore, if r / and s 2 + u 2 + v 2 / 0, the stabilizer G is discrete. 

When s = 0, we can make a rotation in the (x 3 , X4)-plane and suppose also that v = 0. 
In this case, the stabilizer of C is G, the order 18 normal subgroup of D 3 x D 3 described as 
follows: let the first D3 be denoted by D 3 + and suppose it is generated by the rotation a\ and 
the reflection b±, where a\ = l,bf = 1, a\bia\ = b±. Denote the second D 3 by D 3 _ and suppose 
it is generated by the rotation a 2 and the reflection b 2 , where a 2 = 1, b\ = 1, (226202 = b 2 . 
Then D 3 + consists of the elements 

{Q+ = 1, 0+ = ai, 0^ = a\, r^ = b x , = aih, = ajh} 
and D 3 ~ consists of the elements 

{01 =1, 2 = a-2, 03 = a 2 ,, Ti = b 2 , r 2 = a 2 &2, ^3 = alb 2 }. 
The 50(4)-stabilizer of the cubic C is formed by the 18 pair elements: 

{(0+ 07), (r+ rj), i,J = 1...3} 

Next, if r 7^ and s 7^ 0, the differential analysis yields the following cases: 

i) If v = 0, the stabilizer G of the cubic C is the dihedral subgroup D3 generated by the 
order 3 element g and the order 2 element that flips the signs of x 2 and X4. 

ii) If v = 0, u = 3s, the stabilizer G of C is also the above dihedral subgroup D3. 

iii) In the general case, when none of the above relations among the parameters r, s, u, v 
hold, the stabilizer of C is Z3. □ 

In the case of D3-symmetry we obtain the following partial result: 

Proposition 3.19 There is an infinite parameter family of connected special Lagrangian sub- 
manifolds in C 4 such that the fundamental cubic at each point has a Yi^-symmetry and is of 
the form (*) ; where v = and r,s 7^ 0. This family depends on 2 functions of one variable. 

Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. It follows that 

C = r(u)\ — 2uj\lj\ ) + — 2>u)zuj\) + 3so; 3 (aj| + u>\ — 2u)\ — 2u> 2 ), 

with r > 0, s > defines a D3-subbundle F C Pl of the adapted coframe bundle Pl — > L. 
In this case, were able to write down the structure equations that hold on the bundle F, but 
were unable to describe completely the family of special Lagrangian submanifolds in this case. 
Cartan-Kahler theorem tells us that the family should depend on 2 functions of one variables. 
For more details see [5]. □ 

Theorem 3.20 Let L be a connected special Lagrangian submanifolds in C 4 such that its 
fundamental cubic at each point has a Yi^-symmetry and it is of the form (*), where v = 0, u = 
3s and r, s 7^ 0. Then L is, up to rigid motion, an open subset of the asymptotically conical 
special Lagrangian 4-fold given by: 

L s = {(a + ib)u\ u e S, Re(a + ibf = c}, (3.42) 

where c is a real constant and £ C S 7 is a 3-manifold with the property that the cone on it is 
special Lagrangian, with phase i. 
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Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. It follows that 



C = r(u>\ — 3<jJ\uj\ ) + 3su; 3 (u;| — u>f — uj\ — oo\), 

with r > 0, s 7^ defines a D3-subbundle F C Pl of the adapted coframe bundle Pl — ► L. 
The structure equations on this bundle are computed to be: 

diOi = t±UJ3 A UJ\ — * 2 (x>4 A (Ji — 2^5(^4 A u; 2 + ^aJi A U>2 
di02 = *4^1 A UJ2 — t\UJ2 A CJ3 + * 2 t<J 2 AW4 + 2*5(x>4 A UJ\ 

duo^ = 

duo^ = 6*51^1 A u>2 + *i^3 A u; 4 
dr = — 3rt4(Ji + 3r*3u; 2 — ?"*i<^3 + r* 2 W4 
ds = —5stiLU3 

dti = (4s 2 - t\)uj ?! 

dt 2 = m\iO\ + m 2 uJ2 - tit 2 uj 3 + (* 2 + tl + s 2 - 9t|)w 4 

d* 3 = mzuJi + (m 4 - 2r 2 + * 2 + i 2 . + *§ + ^ + 15£§ + s 2 )w 2 - *i*3^ 3 + 

di 4 = m 4 u;i - (m 3 + 2t 2 * 5 )u; 2 - *i*4<^3 + (2*3*5 + *2*4 - o m i ) w 4 (3.43) 
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d*5 = \m2L01 - ^-miUJ2 - *l*5^3 + 2* 2 *5U;4 



for some functions mi, m 2 ,m 3 , 7774. Differentiation of these equations does not lead to new 
relations among the quantities. The differential ideal on the manifold M = Pl xR 3 is involutive, 
since the Cartan characters can be computed as si = 4, s 2 = S3 = 54 = and the space of 
integral elements at each point is parameterized by the 4 parameters mi, m 2 , m.3, 777.4. 

The structure equations imply d(s~> + *^s~s) = 0. Since F and L are connected, it follows 
that there exists a constant c > so that s~> + t\s~~> = cs. Therefore, there is a function 9, 
well defined on L, that satisfies: 

4 4 4 7T 

gs = cs cos4#, s 5*1 = cs sin 49, \9\ < —. 

8 

From the sixth equation of (3.43), it follows that 

d9 

w 3 = 5" 

c(cos 49)4 

The structure equations imply that LO\ — LO2 — LO4 = is integrable and also that U3 = 
defines an integrable 3-plane field on L. The 1-dimensional leaves of the field Ti defined by 
u)\ — 0J2 — ^4 = are congruent along T 2 , the codimension 1 foliation defined by u>s = 0. This 
is clear since: 

de^ = Ssuj^Je^, d{Je 3 ) = 3scJ3e3 mod {lo±, w 2 , L04} 
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and ds = mod UI3, meaning s is constant along each leaf of T2- The above equations imply- 
that the leaves of the T\ foliation are congruent plane curves of curvature —3s, lying in the 
complex line (e 3 , Je 3 ). 

The form of the structure equations tells us that these examples must be related to the 
asymptotically conical special Lagrangian submanifolds, as seen in [1] for the Z 3 -symmetry 
case of the special Lagrangian 3-folds. 

Suppose that the plane curves which are the leaves of the I\ foliation are of the form 

1 1 

Kezp = cp, where c is a constant and p G M. is to be determined. By dilation, we can take 
c = 1 and consider the curve given by z(t) = (1 + it) p , in the (e 3 , Je 3 )-plane. To compute the 
curvature of this curve, we use the formula for the curvature in any parametrization and we 
get: 

k(t) = / AZ " = ^(1 + 1 2 )-^ (3.44) 
(f) 3 e 3 AJe 3 P 

Since k = —3s, and also using the sixth and the seventh structure equations in (3.43), we 
compute that p = \. 

Therefore, the leaves of the Ti-foliation are curves given by the equation Re z 4 = c, where 
c is a constant. From the equation of the curvature (3.44), it follows that as t — > 00, k — > 0, so 
these curves flatten out, telling us that they have an asymptote. 

Now we study the ^-foliation, whose leaves are 3-manifolds. If we set 6 = 0, i.e. ti = 
and s = c, we obtain a 3-manifold S, immersed in the 7-sphere S 7 . This is clear since: 

d(Jes) = —soj\ei — — suj^ei = —sdx, 

where x: E — > C 4 is the position vector. Since s is constant on E, it implies that 

Je 3 = — sx + constant, 

where we can suppose, by translation, that the constant is 0. Therefore, x = and E is 

immersed in the 7-sphere of radius -, in the direction Je 3 . 

The structure equations of the leaves of the w 3 = foliation are: 

dui = —ti<jJi A io\ — 2t^uj^ AW2 + Hui\ A u>2 

dui2 = t^uii AW2 + t2U>2 A UI4 + 2t5W4 A u>i mod UI3 

dui4 = 6t$uii A u>2 

Consider now the following expressions: 



1 



rji =ssu>i, i = 1,2, A, 



1 



qi =s Hi, i = 2. ..5, 



_ 1 

p =s sr, 
2 



Vi =s ->mi, i = 1...4. 
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The structure equations derived earlier show that 

dm =<m\ a m + qzm a m + 295772 a r/ 4 

*?2 =92??2 Ai?4 + 94?7i A 772 + 295774 A r/i 
(ir/4 =695771 A 772 

d 92 =^771 + f 2 r/ 2 + + q\ - 9^5)774 (3.45) 
y 

=-y 3 ?7i + + <?| + 93 + 94 + 15^5 - 2p 2 + 774)772 + ^(v 2 - 6g 4 95 + 39293)??4 
CZ94 =7J 4 ??1 - («3 + 29295)772 - - 69395 - 39294)??4 

dq*> =-^v 2 m ~ \v\m + 29295^4 
dp = - p(394??i - 393772 - 92774) 

Therefore, the metric g = n\ + 77! + 774 is well defined on each leaf of the ^-foliation. The 
0-curves meet the 3-manifold E orthogonally, so it is easy to see that the image of (— |, |) x E 
is of the form : 

L s = {zu| u e S, z£C, Rez 4 = c}, (3.46) 

where c is a real constant. In order for this to be a special Lagrangian 4-fold, the cone on the 
image of E should be a special Lagrangian 4-fold. 

We shall show now that, indeed, the cone on E is special Lagrangian with phase i. The 
cone on E is parameterized by: 

(r, z) ->rz, re R + , z G E 3 . 
The tangent space to C(E) has a basis formed by the vectors: 

d d d T d 

ei = a - ' e2 = a - ' e4 = a - ' Je 3 = ^~ 
ox\ 0x2 0x4 ays 

Since 

ijj = dx\ A dy\ + dx 2 A dy 2 + dx% A (fy 3 + dx± A dy 4 , 

it is clear that u |c(s)= 0, so the cone is Lagrangian. Also, f2 = dz\ A dz 2 A ^3 A dz± and we 
can easily compute that 

Im $7 |c(S)= dx\ A <ia;2 A A dx4, 

which represents the volume form on the cone, and Re |c(E)= 0. Therefore, C(E) is special 
Lagrangian with phase i Then, it is well-known [12] that (3.46) is a special Lagrangian 4-fold. 

Theorem 3.21 Let L be a connected special Lagrangian submanifolds in C 4 such that its 
fundamental cubic at each point has a G-symmetry, where G is the order 18 normal subgroup 
0/D3 x D3. Then L is congruent to the product of two holomorphic curves in C 2 . 



39 



Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Then 

C = r(u>\ — 3<jJ\uj\ ) + v (wf — 3w3o;|), 

with r > 0, v > 0,r ^= v defines a G-subbundle F C ft of the adapted coframe bundle Pl — > 
where G is the order 18 normal subgroup of D3 x D3. 

The structure equations on the subbundle F are computed to be: 

dw\ = £3^1 A ui2, dui2 = t^u)\ A UJ2 

du>3 = tlLUs A LO4, duJA, = t2UJ3 A LO4 

dr = — 3ri 4 u;i + 3rt 3 oj 2 

(ft; = — 3vt2U>3 + 3ftiW4 (3.47) 
dti = U1UJ3 + (f 2 + t\ — 2v 2 + U2V4 

C&2 = ^2<^3 — «i^4 

^3 = n 3 o;i + (i| + t\- 2r 2 + u 4 )uJ2 
dti = ^41^1 — U3W2 

for some functions u\,U2, 113,114. 

From the above structure equations, we can see that u\ = u>2 = and 0^3 = L04 = define 
integrable 2-plane fields on L. The structure equations also show that the leaves of the 2-plane 
field Ti defined by 003 = L04 = are congruent along T2, the codimension 2 foliation defined by 
u)\ = u>2 = 0. Also, the 2-dimensional leaves of the 2-plane field T2 are congruent along ry 

Since d{e\LOi + €2^02) = and d{e3L03 + 640^4) = 0, it follows that e\u)\ + e2^2 = dir\ and 
^3003 + e4UJ4 = dn2, where the projections m : L — > Si and iT2 '■ L — > S2 are well defined. 
Therefore, x = t\\ + TT2 + const and L is the sum of two surfaces: L = Si x S 2 . 

Since cZ(ei Ae2 A Jei A Je2) = 0, it follows that Si lies in the complex plane (ei, e 2 , Jei, Je 2 ). 
Also, S2 lies in the complex plane (e3, e^, Je3, Jei). 

Because L is special Lagrangian, both surfaces Si and S2 should be special Lagrangian 
2-folds in C 2 . It is well-known then that these surfaces should be holomorphic curves with 
respect to some complex structure on C 2 . More explicitly, if Si C C 2 , with complex coordinates 
{z\ = xi + iyi,Z2 = X2 + iy2}, then Si is a holomorphic curve with respect to the complex 
coordinates {u\ = x\ — 1x2, v± = y± + iy 2 }- If S2 C C 2 , with standard complex coordinates 
{Z3 = X3 + iy3,Z4 = X4 + M/4}, then S2 is a holomorphic curve with respect to the complex 
coordinates {1L2 = X3 — 1x4, V2 = 2/3 + iy<i}. □ 

In the next case of ^-symmetry we were unable to describe completely the SL 4-folds and 
therefore we have only a partial result. 

Proposition 3.22 There is an infinite parameter family of connected special Lagrangian sub- 
manifolds in C 4 such that the fundamental cubic at each point has a ^-symmetry and is of the 
form (*). The family depends on 4 functions of one variable and the elements of this family 
are foliated by non-congruent minimal Legendrian surfaces in the direction {uj±,l02} and by 
congruent holomorphic curves in the direction {103,104}. 
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Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. Then 

C = r(u>f — 3uj\uj 2 ) + 3s(u;| + u\ — 2ui\ — 2u 2 )u)?, + u{u>\ — 3(J3(j|) + v(u>\ — 3u) 2 u)4) 

with r > defines a Z3-subbundle F C Pl of the adapted coframe bundle Pl — ► L. The 
differential analysis shows that the structure equations on the bundle F are: 

duj\ = t^UJ\ A 0^2, <^2 = t^Ul A C<J2, ^3 = t\UJ3 A CJ4, = t 2 u>3 A W 4 , 

<ir = —Srt^uJi + 3rt3C<j2 + 2rst 2 u>3 + 2rsiic<J4 

(is = [— svti + s(7s + u)t2]^3 + s[(3s — u)t\ — Vt 2 ](jJ4 

du = [— llsvti + (3v 2 + 3u 2 + 6s 2 — su)t2 + ^6^3 + 

[(IIsm — 3u 2 — 6s 2 — 3v 2 )ti — svt 2 — ts]uj4 
dv = ^5(^3 + t^oji 

dh = [v(t\ + 4 + 1)- 8stit 2 ]uj3 + [(« - s)(t 2 + 4 + l)]w 4 (3.48) 
*2 = -[(« + 5s) (t 2 + i 2 , + 1) - 8st 2 ]w 3 + u(tf + ^ + l)w 4 

dt 3 = -m 2 wi + [4s 2 (i 2 + i 2 . + 1) + i§ + ^ - 2r 2 + mi)w 2 + 2st 2 t 3 uj 3 + 2s*it 3 W4 
dt4 = m\uj\ + m 2 uj 2 + 2st 2 t4L03 + 2stit 4 w 4 

dt 5 = [-m 4 + 3tl(30suv - 47s 2 v - 3u 2 v - 3v 3 ) + 3t 2 2 {-Ts 2 v + Wsuv - 3v 3 - 3u 2 v) + 
(25s - 7u)htQ + 60sv 2 ht 2 + (7u - 3s)t 2 t 5 - 7vt 2 t 6 - 7vht 5 - 18s 2 v - Qu 2 v + 
2Asuv — 6v 3 ]uj3 + [1713 + (3s — u)t\t5 — vt 2 t§ + (s — u)t 2 te + vtyt^u^ 

dt$ = m^LUs + 7714104 

for some functions mi, m 2 , 7713,7714. 

The Cartan-Kahler analysis tells us that the solution should depend on 4 functions of 1 
variable. Prom the structure equations, we can see that UJ3 = 0J4 = and u\ = oj 2 = define 
integrable 2-plane fields on L. Let Ti be the uj\ = u) 2 = foliation and T2 be the W3 = w 4 = 
foliation. The structure equations of the foliation T\ show that the leaves are congruent and 
that the metric g\ = lo\ + u 2 is well defined on the leaf space of the T\ foliation. It is easy to 
see that the leaves of the T2 foliation are non-congruent. 

Notice that if we denote A 2 = 4s 2 (tf + 4 + 1), then we get that ^ = 2s(t 2 u;3 + iicj 4 ). We 
see that A is constant on each leaf of the T2 foliation. We compute that: 

d(Awi) = t 3 wi A (Aw 2 ) = (*awi + t A oj 2 ) A (Aw 2 ) (3.49) 
d(Acv 2 ) = -t 4 uj 2 A (Aui) = -(t 3 ui + t 4 u 2 ) A (Awi) 

and the metric g 2 = (Awi) 2 + (ACJ2) 2 is well defined on the leaf space of the T2 foliation. 

Computations also show that d(r~s A 3^) = and d(r 3 A3 lu 2 ) = 0. These imply that there 

12 12 
are functions x\,x 2 on L such that r3A3cji = dx\ and r'iAsuj 2 = dx 2 . This gives xi,x 2 up 

to additive constants and x\ + ix 2 is holomorphic with respect to the complex structure that 

{uj\, u> 2 } define on the leaf space of T 2 . 

The above imply that the metric 

A 2 

92 = {—Yi{dx\ + dx%) = F{xi,x 2 ){dx\ + dx\), 
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on the T2 leaf space has Gauss curvature: 



fc = l-2(-) 2 = l- 



We obtain a differential equation for the function F(xi,x 2 ), given by: 

±A(lnF) = A_ F (3.50) 

We used here the fact that a metric ds 2 = e 2u (dx 2 + dy 2 ) is computed to have the Gauss 
curvature K = —Aue~ 2u . In our case, take u = ^lni 7 and (3.50) follows. The function u 
satisfies the differential equation Au = e 2u — 2e~ 4u (Tzitzeica equation), which is completely 
integrable by means of inverse scattering method [16]. This is the differential equation satisfied 
by the curvature of the metric of a minimal Legendrian immersion in S 5 (l), invariant under S 1 - 
action, as shown by Mark Haskin in [4], p. 14. Sharipov [16] shows that the minimal immersion 
satisfying Tzitzeica equation are minimal tori which are complexly normal in S 5 . Therefore, 
L is foliated by non-congruent minimal Legendrian surfaces in the direction {u>i,uj 2 } and by 
congruent holomorphic curves in the direction {^3, We do not have a complete description 
of the family yet. 

We move now to analyze the other orbit that stabilizes an element of order 3. 

Case 2. (r, s) = (|, |): This case is equivalent to the (r, s) = (|, |) case, when the element 
in the maximal torus that stabilizes C is 

e^T \ 

27Ti I ) 

e~ / 

of order 3. The general harmonic cubic fixed by this element is 

C = Re(a 3 Zi + 3a 2 z 2 z 2 + "Z>a\Z\z\ + a zf), a , ai, a 2 , a 3 G C 

We notice that the commutator of g is larger than the maximal torus in this case. The unitary 
group U(2) commutes with g and therefore we can use also its action to get rid of certain 
parameters, more precisely to make ao = and 01,02 G M. So, the general cubic stabilized by 
g will look like: 

C = u(x\ — 3x1^2) + v(3x\x 2 — x 2 ) +r[(x\ — x 2 )xs — 2x1X2X4]) + s[(x| — x\)x\ — 2x2X3X4] (**), 
where u, v,r,s £ R. 

Lemma 3.23 The full stabilizer of the polynomial given by (**), where r, s,u,v £ R is 
1) a continuous subgroup of SO (4), if r = s = oru = v = r = or u = v = s = 0; 

e_3_ ^ ) and the element 
e"3~ / 

of order 2 that flips the signs of {x 2 , X4}, if r = v = 0; 

3) the dihedral subgroup D3 generated by the order 3 element g and the order 2 element 
that flips the signs of {x 2 , X4}, if s = v = 0; 

4) the cyclic subgroup Z3 generated by the order 3 element g if none of the above relations 
among the parameters r, s, u, v hold. 
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Proof: We denoted by G be the stabilizer of the polynomial C. A simple computation shows 
that G is a continuous subgroup if and only ifr = s = 0orti = t) = r = 0oru = ?j = s = 0. 

Doing the differential analysis in the discrete case, we obtain the following cases where the 
stabilizer becomes larger than Z3: 

i) r = 0. By making a rotation, if necessary, of angle = \ arctan( — ^) in the (xi, X2)-plane 
and of angle —29 in the (#3, X4)-plane, we can suppose that v = also. 

The stabilizer of C for r = v = is seen to be the dihedral subgroup T)q generated by 

e_3 ~ £ I and the element of order 2 that flips the signs of {x2,xA. 
eTT / 

This case of symmetry at least was already studied in Section 3.3.2 and it did not yield any 
families of special Lagrangian 4-folds. 

ii) If s = 0. In this case, we can arrange that v = also and the stabilizer is computed to 
be the dihedral group D3. 

hi) In the general case, when none of the above relations among the parameters r, s, u, v 
hold, the stabilizer of C is computed to be Z3 generated by the element g. □ 

Theorem 3.24 Let L be a connected special Lagrangian submanifold in C 4 such that its funda- 
mental cubic at each point has a Z3- symmetry and it is of the form (**). Then L is an I -special 
Lagrangian J -holomorphic surface in C 4 , where {L,J,K} is the hyper-Kahler stucture on C 4 . 

Proof: Let L be a special Lagrangian 4-fold that satisfies the hypotheses of the theorem and 
let C be its fundamental cubic. From Lemma 3.23, the equation 

C = u(uj\ — ^loilv^) + v(3u}fui2 — 1^2) + r [( LO i ~ ^2)^3 ~~ 2ujiuj2i^a\) + s[(^| — — 2U2UJ3OJ4], 



with r,s,u,v £ M. defines a Z3-subbundle F C Pl of the adapted coframe bundle Pl 
On the subbundle F, the following identities hold: 



L. 



(/%) 



/ uuj\ + vll>2 + reus vloi — uu>2 — ruJ4 ru\ + suj^ —ru)2 — suj^\ 

vloi — uu)2 — rojn —uuj\ — VL02 — rus —ru>2 — suj^ —ruj\ — S0J3 

ruo\ + SUJ3 —ru)2 — SL04. suj\ —su>2 

—ruj2 — SUJ4. —ruj\ — SUJ3 —S0J2 —suj\ 



(3.51) 



The Cartan-Kahler analysis yields the following relations between the a^'s: 

&31 — «42 = and 032 + CK41 = 

We consider the ideal I±, on the coframe bundle, spanned by the 1-forms (3.51) and the two 
1-forms «3i — 042 and 032 + a^i. The independence condition is given by oj\ A U2 A U3 A uj^ / 
and the tableau matrix for the structure equations is given by: 





OL2 


a 3 


a 4 \ 


Ct2 


— OL\ 


«4 




a 3 


CK4 






04 


-«3 


a 6 


-a 5 




a 6 


-3S7T 6 


— 3S7T5 


\a 6 


-« 5 


— 3S7T5 


3s7T 6 / 



43 



where 



7Tl = dr, 7T2 = ds, 7T3 = du, 7T4 = dv, 7T5 = CK41, 7T6 = CH42, ^7 = CK43, 7Ts = Q21 

Oi\ = — 7T 3 + 3r7T 6 + 3V7T 8 

Ct2 = — VT4 — 3r7T5 — 3«7T8 

CK3 = — 7Ti + V 7T5 + (2s — n)^ 

«4 = — (2s + u)"7T5 — U7T6 — r7T7 — 2r7Tg 

«5 = -2r7T 2 - 7T 6 

Q6 = — 2r7T5 — 2S7T7 + S7Tg 

From the above tableau, we compute the reduced Cartan characters as = 6, s' 2 = 2, s' 3 = 
s 4 = 0. The integral elements of the system at each point is shown to form a space of dimension 
10 = s' x + 2s' 2 + 3s' 3 + 4s 4 and therefore, by Cartan's Test, the system I\ is involutive. 

The form of the tableau resembles the tableau for the structure equations of a complex 
surface with complex structure given by 71 = oj\ + iu>2 and 72 = L03 + io>4. We will show that 
this is actually the case. The characteristic variety of the ideal is formed by 2 complex lines 
spanned by {71,72} and their conjugates. 

The first derived system of I\ is generated by the rank 6 Pfaffian system I2 spanned by the 
six 1-forms: 

01 = 011 + #22, 2 = 033 + 044 , 03 = 041 ~ 032 

04 = 031 + 042, 05 = «31 - «42, #6 = "32 + «41 (3.52) 

This system is Frobenius and defines a foliation of dimension 10 on the coframe bundle. The 
integral manifold of our original system will be a submanifold of the maximal integral manifold 
of the derived system I2. Therefore, we will adapt frames and restrict to the first derived 
system, looking for integral manifolds of this system. 

We notice that, when restricted to the first derived system, the connection matrix takes 
values in the Lie algebra of a 10-dimensional subgroup of SU(4). This subgroup can be shown 
to be Sp(2). The system I2 restricts to the Sp(2)-coframe bundle, of dimension 18. The 
canonical form on this bundle has components £j = oji + irji and the 1-forms 

Wi , Vi > 011 , 033 , 021 , 031 , 041 , 043 , «21 , "31 , «41 , «43 } 

form a basis for the space of 1-forms on this coframe bundle P = C 4 x Sp(2). On the integral 
manifolds, f]i = for i = 1...4. 

Now, the symplectic group Sp(2) leaves invariant 3 symplectic 2-forms { Ci 5 C2 , C3 } - O ne of 
them is the Kahler form of the standard complex structure / on R 8 . 

% — — — — 

Ci = 2 A & + £ 2 A & + & A £3 + £4 A £4) =wiAiji + w 2 Aj?2+ uj 3 A f] 3 + w 4 A 7/4 

and the other 2-forms are computed to be: 

(2 = U)\ A 0J 2 + 0J3 A u)4 - Vl A r}2 - 7/3 A 7/4 
C3 = oj\ A 772 - 0J2 A 7/1 + u; 3 A 774 - UJ4 A 7/3 
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Let /, J, K be the complex structures on R 8 corresponding to left multiplication by the 
elementary quaternions i,j and k. Then the standard metric g = ^2 i=1 (wf + rjf) on R 8 is 
Kahler with respect to each I,J,K, with Kahler form C17C2 an d C3j respectively. The forms 
ip\ = C2 + 1(3, 1P2 = Ci + *C3> ^3 = Ci + 2C2 are the holomorphic symplectic forms on C 4 , 
associated to the complex structures I, J and K respectively. The standard complex structure 
on R 8 is considered to be /, given by the complex 1-forms: ujj + irjj, j = 1...4. The 4- forms 

= Tjipf, i = 1...3 are the holomorphic volume forms on C 4 , associated to the complex 
structures /, J and K, respectively, with J7i being the usual holomorphic volume form. On 
the integral manifolds of I2 , (1 = C3 = and (2 = wi A W2 + W3 A 0J4 is the Kahler form for the 
complex structure J given by 71 = uj\ + iuJ2 and 72 = <^3 + i^A- 

We will now show that the integral manifold of the ideal generated by the 2-forms £i and 
C3 are complex manifolds with respect to the complex structure J. Let (z±, Z2, £3, £4) be the 
complex coordinates on R 8 that are holomorphic for the complex structure J. Then: 

Ci + i(3 = dz\ A dz2 + dz% A dz^ 

Let I be the differential ideal generated by the complex 1-form "02 = Ci + *C3- We use the 
Cartan-Kahler analysis [1] to compute the Cartan characters as s\ = S2 = 2 and S3 = S4 = 0. 
The space of 2-dimensional integral elements over a point has dimension 6 = Si + 2s2 + 3s3 + 4s4 
and by Cartan's Test, the system is involutive. The maximal integral manifolds of this ideal 
are given by 2 complex linear equations, i.e. they are J-holomorphic surfaces in C 4 . 

An integral manifold of the derived system I2 is an integral manifold of the system Ci = C3 = 
and an integral manifold of the system £i = £3 = is an integral manifold of the derived 
system. To summarize, the integral manifolds £ of our original system are J-holomorphic 
surfaces in C 4 . They are /-special Lagrangian 4-folds, because 

Ci |s= and X - Im(n?) | E = C2 A ( 3 | s = 0. □ 

Theorem 3.25 Let L be a connected special Lagrangian submanifold in C 4 such that its fun- 
damental cubic at each point has a D 3 -symmetry and it is of the form (*) with s = v = 0. 
Then L is a ruled I -special Lagrangian J-holomorphic surface in C 4 . 

Proof: The analysis here is similar to the one in the previous result. It can be shown that 
the solutions are again /-special Lagrangian J-holomorphic surfaces. Moreover, the structure 
equations show that the holomorphic surfaces are foliated by planes in the {e%, e4}-direction. 
The conclusion is that the solutions are ruled /-special Lagrangian J-holomorphic surfaces. □ 

We conclude this paper with the following: 
Open Problem: 

It remains to study the general case when the symmetry of the fundamental cubic is at 
least a Z2. This is the most complicated case since the space of fixed harmonic cubics involves 
a large number of parameters. 
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